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MATHEMATICS 90

Gyrobifastigium qirralari bo’ylab ikki quvlovchi va bir gochuvchining
tutish differensial o'yini

G.A. Vasiyeva
Andijan davlat universiteti, Andijon, 170100, Universitet, 129 (Uzbekistan).

Annotatsiya. Ushbu magolada biz Gyrobifastigium girralarida ikki quvlovchi va bitta
gochuvchining differensial o‘yinini o‘rganamiz. O‘yinda "asosiy quvlovchi" deb nomlangan bitta
quvlovchining maksimal tezligi p;, =1 ga teng. Bu tezlik gochuvchining maksimal tezligi bilan bir xil.
Ikkinchi quvlovchinining maksimal tezligi esa 0 dan biroz yugorirog, ya'ni u doimiy ravishda harakat qilishi
uchun yetarli. Quvlovchilardan birining holati gochuvchining holati bilan ustma-ust tushsa, quvlovchilar
o'yinda g‘alaba qozongan deb hisoblanadi. Natijada o'yinni yakunlash uchun strategiya qurilgan va
strategiyadan foydalangan holda tutish mumkinligi isbotlangan hisoblanadi.

Kalit so‘zlar: Quvlovchi, gochuvchi, differensial o‘yin, strategiya, Gyrobifastigium.

Abstract. In this paper, we study the differential game of two chasers and one escaper on the
edges of a Gyrobifastigium. In the game, one pursuer, which is called the "main pursuer" have a
maximum speed of p; = 1. It is the same as the evader. However, the maximum speed of the second
pursuer is just above 0, which means it is enough for it to move constantly. When the state of one of the
pursuers coincides with the state of the evader, the chasers are considered to have won the game. As a
result, the strategy to complete the game is constructed, and it is proved that the pursuit is possible by
using the strategy.

Key words: Pursuer, evader, differential game, strategy, Gyrobifastigium.

AHHOTauuA. B gaHHol cTtatbe Mbl M3ydaeM guddepeHumanbHylo urpy ABa npecrnegoBartens
1 ogHoro yberatoulero Ha pébpax Nbipobudacturmym. B urpe oamH npecnegosaTten, KOTOpPbIX Ha3biBaloT
«rMaBHbIA MNpecnefoBaTernby», MMET MaKCMMalbHble CKOpocTu p, = 1. OTO TO Xe camoe, 4YTO U
yberatowero. OgHako MakcMManbHasi CKOPOCTb TPETLErO NpecrnegoBatens 4yTb Beiwe 0, a 3Ha4uUT, e
[OCTATOYHO AN MOCTOSIHHOIO ABMXeHWs. Korga cocTtosiHue ofHOro u3 npecriefoBaTenie coBnagaeT ¢
coctosiHMeM yberarwLlero, cyMtaeTcs, 4TO NpecnegoBaTenu BbiMrpanu urpy. B pesynbTate crtpouTtcs
cTpaTervsl 3aBepLUeHNst Urpbl U AOKa3biBAETCs, YTO NpecrnefoBaHMe BO3MOXHO C UCMONb30BaHMEM 3TOW
cTparervu.

KnioueBble cnoBa: [NpecnepoBaTens, yberawowmi, anddepeHumnanbHaa wurpa, crpaterus,
bipobudpacTurnym.

1. KIRISH
XX asrning ikkinchi  yarmidan qator yangi hayotiy muammolarini taklif qgildi
boshlab matematik modellashtirish va opimal R. Ayzeksdan keyin L.S. Pontryagin [12],
boshgaruv nazariyasining rivojlanishi  N.N. Krasovskii [11] va A.l. Subbotin,
natijasida differensial o’yinlar nazariyasi Azamov [1], Satimov [13] kabi tadgigodchilar

alohida yo’nalish sifatida shakllandi. 1941-
1945-yillarda ushbu nazariya uchun asos
bo’ladigan turli harbiy sohadagi masalalar
o’ranilgan. Differentsial o‘yinlarni chuqurroq
o‘rganish dastlab amerikalik matematik R.
R.Ayzeksning XX  asrning  50-yillari
boshlarida AQSh ning RAND korporatsiyasi
buyurtmasi bo‘yicha qilingan tadqiqotlarida
keltirilgan.  R.Ayzeks  1965-yilda  o‘z
tadgiqotlari asosida ‘“Differensial o‘yinlar”
nomli monografiyasini nashr qgildi [10]. Ushbu
monografiyada u ko'plab differensial o'yin
muammolariga  keltirilgan  anig  model
muammolari tahlilini tagdim etdi va ularning
batafsil yechimlarini ko'rsatdi, shuningdek, bir

tomonidan chuqur natijalar olinib
rivojlantirildi.

Yaqin vyillardan beri differensial
o‘yinlar  sohasida  qizg‘in  muhokama

gilinayotgan eng dolzarb masalalardan biri
ko‘p quvlovchili differensial o‘yinlarga oid

masalalardir.  Bunday ko‘p  quvlovchili
differensial o‘yinlarga bag‘ishlangan
Chernousko [6], Pshenichnii [14] kabi

ishlardan ko‘p quvlovchili differensial o‘yinlar
o‘zining dastlabki  bosgichlaridayoq tez
rivojlanganini  kuzatish ~ mumkin.  Bu
gizigishning yanada ortib  borayotganini
quyidagi maqgolalardan ham ko‘rish mumkin:
Ibragimov va Salleh [8], Blagodtskix va

Scientific Bulletin. Physical and Mathematical Research Vol 7. Iss 2. 2025



MATHEMATICS

Petrov [5], Azamov v.b. [2], lbragimov v.b.
[9], Ibragimov [7].

Hujumchi va himoya qiluvchilar

guruhidan  tashqgari  hujumchi  nishonga
oladigan maydon ham bo‘ladigan differensial
o‘yinlar [7] maqolada garalgan. Hujumchining
asosiy magsadi himoya giluvchilar guruhiga
tutilmay o‘sha maydonga yetib borishdan
iboratdir. Himoya qiluvchilar guruhining
magsadi esa hujumchini  u maydonga
kiritmaslik, yoki kirishiga imkon boricha
halaqit berishdir.
Ushbu [7] magolada R™ da ko‘p quvlovchili
va bir qochuvchili differensial o‘yin qaralgan.
Quvlovchilarning tezliklari  gochuvchining
tezligidan  kichik. Quvlovchilarning soni
nechta (chekli) bo‘lishiga qaramay va ular
gochuvchini o‘rab turganmi yoki yo‘qligiga
garamay, qochuvchi uchun quvlovchilarga
tutilmay gochib ketish strategiyasi qurilgan.

Differensial o‘yinlarning yana bir
turi bu graflardagi differensial o‘yinlardir.
Bunday differensial o‘yinlarda o‘yinchilar
grafning qirralari bo‘ylab harakat qilishadi.
Bunday o‘yinlar, masalan, [3], [4] maqolalarda
garalgan.

Biz ushbu maqola orqali
Gyrobifastigiumda quvlash masalasini
o‘rganamiz. Gyrobifastigium 4 ta muntazam
uchburchak, 4 ta kvadratli yoqgdan iborat
fazoviy shakl. Gyrobifastigiumda 8 ta uch
bo‘lib, 14 ta bir xil girraga ega. Bu fazoviy

shakl Arximed jismlarining bir turi hisoblanadi
(1-rasm). [15] maqgola aynan Arximed
jismlaridagi differensial o‘yinlarga

bag‘ishlangan birinchi ish hisoblanadi.

2. MATERIAL VA USULLAR

Aytaylik, tomoni bir birlik bo‘lgan
ixtiyoriy A, ...A4B,C,C, Gyrobifastigium
girralarida ya’ni G da P ={P;;P,;}
quvlovchilar guruhi va bitta E qochuvchi
harakatlanayotgan bo‘lsin (1-rasm). Biz ularni
umumiy o‘yinchilar deb ataymiz. O‘yinchilar
doimo bir-birlarining harakatlari, holatlarini
ko‘rib, his qilib turadi deb olamiz. P;(t),i =
1,2, va E(t) lar mos ravishda quvlovchilar va
gochuvchining t momentdagi G shakldagi

vaziyati  hisoblanadi. Jumladan, t=20
momentdagi holat o‘yinchilarning
boshlang‘ich holati deyiladi. Biz quvish
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0‘yinini o‘rganayotganimiz uchun
quvlovchilarga o‘yinni o‘z foydalariga hal
gilish uchun strategiyalar quramiz. Qochuvchi
esa ixtiyoriy boshqaruvni qo‘llab harakatlansin
deb olamiz.

Qaralayotgan differensial 0‘yin
quyidagicha berilgan:
P(t) =u;, Pi(0) =Py, i=12;
E(t) =v, E(0) =E,

Bu yerda P, E,u;, v € G, P;(0) # E(0)
va |lv| <o =1, |y < p;, umumiylikka ziyon
yetkazmagan holda birinchi quvlovchi P; ning
tezligini gochuvchining tezligiga, 1 ga teng
deb olamiz (p, = 1), ikkinchi quvlovchining
tezligi nomigagina mavjud bo‘lsa kifoya, ya’'ni
0 dan biroz katta bo‘lsa, yetadi (0 < p, < 1).
Py, Py quvlovchilarning boshlang‘ich
holatlari va E, esa  gochuvchining
boshlang‘ich holati. B(r) orqgali radiusi r va
markazi R%*da bo‘lgan doiralar to‘plamini
belgilaylik.
1-Ta’rif. Agar ushbu

P,(t) = u;, Pi(0) = Py, i = 1,2;

Koshi masalasining P;(-) yechimi P;(t) € G,
t >0, shartni qanoatlantirsa,  u;(-),
u;:[0,0) = B(p;), funksiya P;, i€ {1,2}
quvlovchilarning joiz boshgaruvi deyiladi. 2-
Ta’rif. Agar ushbu
E(t) =v, E(0) = E,

Koshi masalasining E(-) yechimi E(t) € G,
t = 0 shartni ganoatlantirsa, v(:), v: [0, ) —
B(o) funksiya E gochuvchining joiz
boshqaruvi deyiladi.

Biz quvlash differensial o‘yinini
qaraymiz. Bunday differensial o‘yinlarda
quvlovchilar biror strategiyalarni qo‘llaydi.
Qochuvchi esa ixtiyoriy joiz boshgaruvni
qo‘llaydi.

Endi
strategiyalariga ta’rif beramiz.
3-Ta’rif. Agar u; = U;(t,P,,P,,,E,v), i =
1,2 funksiyalar va gochuvchining ixtiyoriy v =
v(t) joiz boshgaruvi uchun berilgan Koshi
masalasi yagona P;(t),P,(t), E(t), t=0

quvlovchilarning

yechimga ega bo‘lsa, (t,Py,P,,E,v)—
U;(t,P,,P,,E,v), i=1,2, funksiyalar mos
ravishda P; i=1,2 quvlovchilarning

strategiyalari deyiladi.

A-Ta’rif.
Gyrobifastigiumning

Agar E
ixtiyoriy

gochuvchi
girrasida

Scientific Bulletin. Physical and Mathematical Research Vol 7. Iss 2. 2025
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joylashgan holda  ganday  strategiya
qo‘llamasin, P = {P;; P,} guruhning shunday
strategiyasi va unga binoan shunday t > 0
soni topilsaki, biror i = 1,2 uchun P;(t) =
E(t) tenglik o‘rinli bo‘lsa, u holda o‘yinni
quvlovchilar guruhi yutadi (ba’zan o‘yin
tugadi) deyiladi.
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3.NATIJALAR VA MUHOKAMA

Teorema. Agar 6=1 hamda p;=1, p,=
€ bo'lsa, o'yinda P quvlovchilar guruhi yutadi.

Isbot. Umumiylikka ziyon yetkazmagan holda quvlovchilarni boshlang’ich holatda

quyidagicha joylashtiramiz: P;,=A,,
joylashishi mumkin.

1-rasm.

O tezligi 1ga teng quvlovchi,

a) qochuvchi B; uchda bo’lgan holni ko'rib
chigaylik. Tezligi ¢ ga teng bo'lgan P,
quvlovchi B,ga harakatlanib uni yurishga
majbur giladi. Bunda quvlovchi 4, yoki A, ga
tomon harakatlansa P; quvlovchi tomonidan
tutiladi. Shu sababli B, ga yurishga majbur.
Endi qgochuvchi B, dan qaysi (girraga
yurmasin, quvlovchilardan biri tomonidan
tutiladi. (2-rasm)

b) gochuvchi B, uchda bo’lsin. Yana tezligi
€ ga teng bo'lgan P, quvlovchi B,ga
harakatlanib uni yurishga majbur giladi va
gochuvchi gaysi tomonga harakatlanmasin
baribir tutiladi.(2-rasm)

tezlQi € ga teng quvlovchi va

P,,=A,. Qochuvchi esa shaklning ixtiyoriy girrasida

2-rasm.

tezligi 1ga ighg gochuvchi.

c) C; va C, uchlardagi holatlar mos ravishda
B, va B; uchlarga ekvivalent. Chunki berilgan
shakl ikkita bir xil shakldan tashkil topgan.

d) endi gochuvchi A; da bo’lgan holatni
ko'ramiz. P, quvlovchi A; tomon yurib,
gochuvchini harakatga keltirsin. U fagat B,
garab harakatlana oladi(3-a rasm). Qochuvchi
B, ga yetib kelgach, P, quvlovchi ortga, ya’ni
A, ga qaytadi. Qochuvchi B; yoki A; ga
harakat qgilsa, P, quvlovchi uni tutib oladi.
Demak qochuvchi A, tomon harakatlanar
ekan(3-b rasm). Endi u fagat B,A,C;
girralarda harakat gila oladi. Agar boshga
girraga tomon harakat qilsa, P; quvlovchi
tomonidan tutiladi. P, quvlovchi A,ga yetib

Scientific Bulletin. Physical and Mathematical Research Vol 7. Iss 2. 2025
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kelgan paytda qochuvchi B,A,yoki A,C;

girrrada bo'ladi. Qochuvchi qaysi qirrada
bo’lsa, P, quvlovchi o’ ‘sha tomonga
harakatlanishni boshlaydi. Natijada
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gochuvchining harakati daraxtga aylanib

goladi(3-c rasm). Endi gqochuvchi harakat gilsa
ham, gilmasa ham tutiladi.

e) qochuvchi boshlang’ich holatda A, da bo‘lgirrlésg]u ham yuqoridagi A; dagidek bo’ladi. P,
guvlovchi u tomonga harakat giladi va qochuvchi harakatga keladi. Qochuvchi C; ga tomon
yuradi. Shu uchga yetib kelgach, P, quvlovchi 0°z o'rniga gayta boshlaydi. Quvlovchi A, yetib
kelganda, gochuvchining yo'llari to'silib, daraxtga aylanib goladi. (4-rasm)

B,

4-rasm.
Xuddi shunga 0 xshash gochuvchi
boshlang’ich  holatda shaklning ixtiyoriy

girrasida bo’lganda ham, o’yin shu holatda
davom etadi. Ya’ni P, quvlovchi harakatlanib,

gochuvchini
Qochuvchi  C;
quvlovchi o'z joyiga, ya’ni A, ga qaytib

yurishga
yoki

majbur  qiladi.
B,yetib kelgach, P,

Scientific Bulletin. Physical and Mathematical Research Vol 7. Iss 2. 2025
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boradi. P, quvlovchi A, ga yetib borgunga
harakatlanib turadi. P, quvlovchi A,ga yetib
brogan paytdan boshlab gochuvchi gamalga
tushadi va o'yinda P quvlovchilar guruhi
g’olib bo’ladi.

Teorema isbotlandi.

4. XULOSA

Arximed jismlari orasida hali hal
gilinmagan masalalar juda ko’p. So’nggi
yillardagi gizigishlar tufayli bu sohaga katta
e’tibor berib kelinmogda. Jumladan, ushbu
maqolada biz Arximed jismlari turiga mansub
Gyrobifastigiumning qirralarida 2 quvlovchi
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gadar qochuvchi fagat C;A,B, qirralarda
va bir qochuvchili differensial o‘yin o‘rgandik.
Bu o’yinda bitta quvlovchi va gochuvchining
maksimal tezliklari o’zaro teng. Umumiylikka
ziyon yetkazmagan holda, bu tezlik 1 deb
olindi. Ikkinchi quvlovchining tezligi esa
nomigagina mavjud bo‘lsa kifoya, ya’ni 0 dan
biroz kattarog. Bunda biz Gyrobifastigium
girralarida bir gochuvchini tutish uchun eng
kamida 2 quvlovchi yetarli ekanini isbotladik.
O‘yin davomida quvlovchilarga o‘yinni
yakunlash uchun strategiyalar qurildi. [15]
magqola ushbu ishni o‘rganishimiz uchun asos
bo‘ldi.
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“‘Burilgan ikki tepalikli shakl” girralarida uch quvlovchi va bir
gochuvchining differensial o‘yini

Rayxona Ortigova Baxodirovna

Annotatsiya. Ushbu maqola burilgan ikki tepalikli shakl girralari bo‘ylab uch quvlovchilar va bir
gochuvchining differensial o‘yiniga bag‘ishlangan. Quvlovchilar va qochuvchining boshqgaruv parametriari
geometrik chegaralanishga ega, ya’ni o‘yinchilarning tezliklariga chegaralar qo‘yilgan. O‘yinda quvlovchilarning
maksimal tezligi p; = 1/3 p; = &1 = 2,3, va qochuvchiniki esa ¢ = 1 ga teng. Quvlovchilardan birining biror
momentdagi holati gochuvchining huddi shu momentdagi holati bilan ustma-ust tushsa, quvuvchilar o‘yinda
g‘alaba gozongan deb ataladi. O‘yinni yakunlash uchun quvlovchilarga strategiyalar qurilgan va strategiyadan
foydalangan holda tutish mumkinligi isbotlangan.

Kalit so‘zlar: differensial o'yin, strategiya, quvuvchi, gochuvchi, burilgan ikki tepalikli shakl.

AHHOTauma. B pgaHHOM cTaTbe Mbl  paccmatpumBaeTcs  auddepeHumanbHaa wurpa  Tpéx
npecnegoBaTtenen n OgHOro yberawwero Ha MOBEepXHOCTM rmpobudacTurusa. Ynpasnsoowme napameTpbl
npecneposatenen n yberawowero NOAYMHAIOTCH FEOMETPUYECKMM OrPaHUYEHUsIM, YTO O3HA4vaeT Hanuyune
OrpaHMYEeHU MO CKOPOCTU Y UTPOKOB. B AaHHONM nrpe makcMmanbHas CKOpOCTb NpecnefoBaTenen paBHa: p; =
%,pi =g,i = 2,3, a MakcMmanbHas CKOpoCTb yberawuwero — ¢ = 1. Ecnu nonoxexHve xota 6bl ogHOro m3
npecnepoBaTenen cosnagaet ¢ nonoxeHnem yberatowlero, cunMtaeTcd, YTo npecnegosaTeny Beivrpany urpy.
B cTaTtbe nocTtpoeHa cTpaTervs 3aBepLUeHns Urpbl Ansi NpecnegoBaTenen n 4okKasaHo, YTO MOroHs BO3MOXHa
NP1 UCMNOmb30BaHMM OAHHOW CTpaTernu.

KniouyeBoe cnoBo: gudydepeHumanbHas wurpa, cTparterus, npecnegosaTens, yberawowun,

rmpobudactmrun.

Abstract. This paper is devoted to study a differential game of three pursuers and an evader on
gyrobifastigium. The control parameters of pursuers and an evader are subjected to geometric constraints,

which means the players have speed limits. In the game, pursuers have maximum speed of p; = % pi=¢i=

2,3, and the evader has maximum speed of 6 = 1. When the state of, at least, one of the pursuers coincides
with the one of the evader, it can be said that the pursuers win the game. The strategy for the pursuers to
complete the game is constructed and it is proven that the pursuit is possible by using the constructed
strategy.

Keywords: differential game, strategy, pursuer, evader, gyrobifastigium.

1. KIRISH qo‘llaniladi. Differensial o‘yinlar
nazariyasining asoslari Rufus Isaacs [12]
tomonidan uning mashhur “Differential
Games: A Mathematical Theory with
Applications to Warfare and Pursuit,
Control and Optimization”  Kkitobida
qo‘yilgan. Isaacs 1950-yillarda differensial
o‘yinlar  tushunchasini  kiritib,  dinamik
tizimlarda ziddiyat va hamkorlik
muammolarini tahlil gilish hamda hal etish
uchun nazariy asos yaratdi. Uning ishlari turli
vaziyatlarni,  jumladan, quvish-gochish
muammolarini  o‘rganishga  bag‘ishlangan
bo‘lib, bu mavzu keyinchalik differensial
o‘yinlar tadqiqotining asosiy yo‘nalishlaridan
biriga aylangan.

Differensial  o‘yin  nazariyasi -  bu
o‘yinchilarning berilgan dinamik sistemaning
natijasiga ta‘sir ko‘rsatadigan, vaqt o‘tishi
bilan tanlov giladigan ziddiyatli senariylarni
o‘rganadigan matematikaning bir tarmog‘idir.
Ushbu o‘yinlar doimiy vaqt dinamikasi bilan
tavsiflanadi va differentsial tenglamalar bilan
ifodalanadi. Klassik misol, quvish-tutish
o‘yini bo‘lib, unda bir o‘yinchi, ya’ni
quvuvchi boshga o‘yinchini, qochuvchini,
qo‘lga olishni magsad qiladi, qochuvchi esa
0‘z navbatida qo‘lga tushmaslikka intiladi.
Bunday o‘yinlarning  strategiyalari  va
natijalari turli sohalarda, jumladan, harbiy
taktika, robototexnika va iqgtisodiyotda
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Quvish-qochish o‘yinlarida o‘yinchilarning
dinamikasi ko‘pincha ularning harakat va

boshgarish  imkoniyatlarini  tavsiflovchi
differensial tenglamalar yordamida
aniglanadi. Quvuvchining magsadi
qgochuvchigacha bo‘lgan masofani

minimallashtirish va shu bilan uni qo‘lga
olishdir, gochuvchining magsadi esa qo‘lga
tushmaslik uchun bu masofani maksimal
darajada oshirishga intiladi. Ikkala o‘yinchi
tomonidan  qo‘llaniladigan  strategiyalar
ularning tegishli boshgaruv
chegaralanishlarga va o‘yin o‘tkaziladigan
muhitga bog‘liq (misol uchun [6-8,10,13-16]
adabiyotlarga garang).

Yana bir qizigarli sohalardan biri - bu
ko‘pyoqlar, ko‘pburchaklar kabi aniq
geometrik shakllar ichida quvish-gochish
o‘yinlarini  tahlil  qilishdir. ~ Geometrik
shakllarning tuzilishi o‘yinchilarning soniga,
ularning  maksimal  tezliklariga, ular
qo‘llayotgan strategiyalariga va natijalariga
sezilarli ta‘sir ko‘rsatadi ([1-5,9,11] ga
garang).

Burilgan ikki tepalikli shakl bu beshburchak
prizmadan uning har bir kvadrat yuziga
ikkita teng qirrali kvadrat piramidani
biriktirish orgali hosil gilinadi, bu jarayon
kengaytma deb ataladi. Bu kvadrat
piramidalar prizmaning kvadrat yuzini
qoplaydi, shuning wuchun hosil bo‘lgan
ko‘pburchakning yuzlari sifatida sakkizta
teng yonli uchburchak, uchta kvadrat va
ikkita muntazam beshburchak mavjud.
Barcha yuzlari muntazam bo‘lgan qavariq
ko‘pburchak “Jonson solid”i deb ataladi va
kengaytirilgan beshburchak prizma ular
orasida 53-“Jonson solid”i sifatida sanab
o‘tiladi.

2. MATERIALLAR VA USULLAR

110

1-rasm. Burilgan ikki tepalikli shakl

deb ataladi. O‘yinchilar doimo bir-birlarining
harakatlari, holatlarini ko‘rib turadi deb olamiz.
P(t),i=12 va E(t) lar mos ravishda
quvlovchilar va gochuvchining t momentdagi ikki

B;

burchakli  beshburchak prizmadagi vaziyati
hisoblanadi. Shuningdek, t = 0 momentdagi holat
o‘yinchilarning boshlang‘ich holati deyiladi. Biz
tutish  o‘yinini  o‘rganayotganimiz ~ uchun
quvlovchilarga o‘yinni oz foydalariga hal gilish
uchun strategiyalar quramiz. Qochuvchi esa
ixtiyoriy boshgaruvni qo‘llab harakatlansin deb

Aytaylik tomoni bir birlik bo‘lgan ixtiyoriy olamiz.
Ay ..A4B{,B,C;,C, burilgan ikki tepalikli
shaklda( G shakl) P = {P;; P,; P;} quvlovchilar
guruhi va bitta E qochuvchi harakatlanayotgan
bo‘lsin (2-rasm). Ular umumiy holatda o‘yinchilar

Qaralayotgan
quyidagicha
berilgan:

differensial o‘yin
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{Pl-(t) =u; Pi(0) =Pyp,i=123;
E(t) =v,E(0) = E,
1)

Bu yerda P, E,u;,v € R?, P;(0) #
EQO), valvl<o=1,lul<p =¢ps =1
Pio, P2o, P3o  quvlovchilarning boshlang‘ich
holatlari va E, esa qochuvchining
boshlang‘ich holati. B(r) orqgali radiusi r va
markazi R? da bo‘lgan doiralar to‘plamini
belgilaylik.

Ta’rif 1. Agar ushbu
E(t) =v, E(0) = E,,

Koshi masalasining E () yechimi E(t),t = 0
shartni ganoatlantirsa, v(:) , v:[0,0) —
B(o) funksiya E qochuvchining joiz
boshgaruvi deyiladi.

Quvlovchilarning  strategiyalariga  ta’rif
beramiz.

Ta’rif 2. Agar u; = U;(t, x4, X2, X3y, V), 1 =
1,2, funksiyalar va gochuvchining ixtiyoriy
v = v(t) joiz boshgaruvi uchun berilgan (1)
Koshi masalasi yagona P;(t),P,(t),P;(t),
E(t),t=0, yechimga ega
bo ‘Isa, (t,P,,P,,P;,E,v) >
U;(t, Py, Py, P;,E,v), i = 1,2 funksiyalar mos
ravishda P; , i=1,2 quvlovchilarning
strategiyalari deyiladi.

Ta’rif 3. Agar E qochuvchi ikki burchakli
beshburchak prizmaning ixtiyoriy girrasida
joylashgan holda har ganday joiz boshqgaruv
qo‘llaganda  ham, P = {P;; P,; P;}
guvlovchilar guruhning shunday strategiyasi
va unga binoan shunday = > 0 soni topilsaki,
biror i = 1,2,3 uchun P;(t) = E(t) tenglik
o rinli bo‘lsa, u holda o ‘yinni quvlovchilar
guruhi yutdi (ba’zan o ‘yin tugadi) deyiladi.

3. NATIJALAR VA MUHOKAMA

111

Teorema. Agar 0 =1 hamda p; =1/3, p, =
p; = € bo'lsa, oyinda P quvlovchilar guruhi

yutadi.

Isbot. Umumiylikka ziyon yetkazmagan holda
quvlovchilarni @ tezligi 1/3 ga teng , © tezligi «

ga teng bo’lgan quvlovchilar. o tezligi 1ga teng
gochuvchi.

Boshlang’ich holatda quyidagicha
joylashtiramiz: P; (0)= 4,4, P;(0)=A,, i=2,3.

Qochuvchi esa shaklning ixtiyoriy girrasida
joylashishi mumkin.(2-rasm)
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a) Qochuvchi A;B; girrada bo’lgan holni
garaylik. Tezligi & ga teng bo'lgan
quvlovchilardan biri, ya'ni P, harakatlanib uni
yurishga majbur qilsin.  Qochuvchi fagat
A,C;C,A3B,B; qirralarda harakat qilishi
mumkin. Chunki boshqga girralar quvlovchilar
bilan to'silgan. Qochuvchi boshga girralarda
yursa, girra oxirida tutilib qgoladi. P, ham B,
uchga vyetib kelgach, faqat A,C,C,As;B,B;
girrada va shu yo nalishda harakatlanadi (3-
rasm).

Qochuvchi B; ga yetib kelgan paytdan
boshlab tezligi 1/3 ga teng bo’lgan P,
qguvlovchi ham harakatlanishni boshlaydi.
Qochuvchi A;uchga yetib kelgan vagtda P,
quvlovchi A,C, girraning 1/3 gismini bosib
0 tadi(4-rasm). Endi qochuvchi orqaga, ya’ni
B;0a gaytsa, P; quvlovchi ham o'z o'rniga
gaytadi. Bu holat cheksiz davriy davom etsa,
P, quvlovchi uni A;B; girrada tutadi. Agar
gochuvchi A; dan so'ng A, tomon yursa, P;
quvlovchi ham A, ga qaytib tutib oladi.

Qochuvchi A; dan C; ga yetib kelgan
paytda P, quvlovchi A,C, girraning 2/3
gismida joylashadi. Qochuvchi A, tomon
yursa tutiladi. Agar ortga gaytsa P; ham
ortga gaytadi va bu holat cheksiz davom etsa,
P, quvlovchi kelib uni tutib oladi. Shuning
uchun qochuvchi C; uchdan so'ng C, ga
harakatlanishga majbur. Bu holatda P,
quvlovchi ham C, ga harakatlanadi va
gochuvchini tutadi.

b) Boshga holatda gochuvchi B, uchga yetib
kelganda, P, quvlovchi qochuvchidan pastda,
ya’ni A;B; yoki undan boshga qirrada
joylashgan bo’lsin. Bu holatda ham tezligi €
ga teng P, quvlovchi A,C,C,A3B,B;
qirralarda qochuvchi harakatiga e’tibor
gilmasdan fagat shu yo nalishda harakat
giladi. Qochuvchi shu girralarda, lekin unga
garama-qgarshi harakatlansa, P, quvlovchiga
duch kelib goladi va A,C,C,A;B,B; ning
gaysidir qirrasida tutilib qoladi. Shuning
uchun u vyana P, quvlovchi yo nalishida

112

harakatlanishga majbur bo'ladi va B; uchdan
o'tadi. B; uchdan o'tganda esa oldingi
strategiya go llaniladi.

Bizga berilgan shakl ikkita bir xil
shakldan iborat. Shuning uchun gqochuvchi
xuddi  shu yo'nalishda A,C,C,A3B,B;

M {.‘2
girralar bo’ylab harakat qilib, C, uchga yetib
kelganda ham shu strategiya o'rinli. 1-

Scientific Bulletin. Physical and Mathematical Research Vol 7. Iss 2. 2025



MATHEMATICS

holatda gochuvchi C, uchda tutilgan bo’lsa,
endi B, uchda tutiladi (6-rasm).

Demak, gochuvchi shaklning gaysi qirrasi
yoki uchida bo’lmasin, P, quvlovchi uni
harakatlantirib B; yoki C, uchdan o’tishga
majbur giladi va o'yinda P quvlovchilar
guruhi g olib bo’ladi.

113

o‘yinchilarning  tezliklariga  chegaralar
qo‘yilgan. O‘yinda quvlovchilarning va
gochuvchining maksimal tezligi p; = 1/3
pi=¢(0=23),0=1 ga teng. Agar
guvlovchilardan birining biror vaqtdagi
holati qochuvchining huddi shu vagtdagi
holati bilan ustma-ust tushsa, quvuvchilar

guruhi o‘yinda g‘alaba qozongan deyiladi.
O‘yinni yakunlash uchun quvlovchilarga
strategiyalar qurilgan va strategiyadan
foydalangan holda tutish ~ mumkinligi
isbotlangan. Umuman olganda usk~* -~
shakldagi o‘yinni quvuvchilar foydasi 6-rasm.
gilish uchun 3 quvlovchi yetarli ekan.

4. XULOSA

Ushbu maqolada biz burilgan ikki tepalikli
shakl qirralarida  harakatlanuvchi  uch
quvlovchi va bir gochuvchining differensial
0‘yinini o‘rgandik. Bu o‘yinda
o‘yinchilarning boshqaruv  parametrlariga
geometrik chegaralanishlar qo‘yilgan, ya’ni
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n burchakli muntazam prizmada 2 quvlovchi va bir gochuvchining
tutish differensial o‘yini

Sh. Sh. Maxammadzokirov

Annotatsiya. Ushbu magolada biz n burchakli muntazam prizma qirralarida ikki quvlovchi va bitta
gochuvchining differentsial o'yinini o’rganamiz. O'yinda "asosiy quvlovchi" deb ataladigan quvlovchining
maksimal tezligi p; = 1ga teng. Bu gochuvchining maksimal tezligi bilan bir xil. Ikkinchi quvlovchining

tezligi esa p, =§ ga teng. Quvlovchilardan birining holati gochuvchining holati bilan ustma-ust tushsa,

quvuvchilar o'yinda g'alaba gozongan deb hisoblanadi. Natijada, o'yinni yakunlash uchun strategiya
qurildi va strategiyadan foydalangan holda tutish mumkinligi isbotlandi.

Kalit so’zlar: Quvlovchi, gochuvchi, differensial 0’yin, strategiya.

AHHOTaumMa. B paHHOM cTatbe Mbl  uM3ydaem aunddepeHumanbHylo urpy C  AByMSA
npecrnegosatensMn 1 ogHum yberaroLimm Ha pé€bpax npaBunbHOro N-yronbHoOW npusame. B urpe oavH mn3

npecne,qoaaTenePl, Ha3blBa€Mbl "TITaBHbIM npecnep,oaaTeneM“, MMeeT MakcMMarbHY CKOpPOCTb p; = 1,
4YTO coBnagaeT Co CKOPOCTbO y6erarou.Lero. OpHako makcumarnbHas CKOpPOCTb BTOPOro npecrnenosartend

1 o
paBHa p, = 3 Korga coctosiHne ogHoro u3 npecnegoBarenen coenagaeTt C COCTOAHUEM y6erar0|.uero,

cuMTaeTcs, YTO npecnegoBaTeny BbiMrpanu urpy. B pesynbtate paspaboTtaHa cTpaTerns 3aBepLueHUs
Urpbl, U AoKasaHo, YTo npecrefoBaHue BO3MOXHO MPU UCNONb30BaHUM TOW CTpaTerun.
KnioueBble cnoBa: [pecnegoBaTens, yoerawowmi, auddepeHumansHas nurpa, ctpaterus.
Abstract. In this paper, we study the differential game of two chasers and one escaper on the
edges of a regular n-angled prism. In the game, a pursuer, which is called the "the main pursuer" have a
maximum speed of p; = 1. It is the same as the evader. However, the maximum speed of the second

pursuer is p, = § When the state of one of the pursuers coincides with the state of the evader, the

chasers are considered to have won the game. As a result, the strategy to complete the game is
constructed, and it is proved that the pursuit is possible by using the strategy.
Key words: Pursuer, evader, differential game, strategy.

1. KIRISH amalga  oshiriladi. Ushbu  geometrik

Differensial o'yinlar zamonaviy konfiguratsiya o'yinni o'zgacha gizigarli va
matematik tadgiqotlarning muhim  murakkab qiladi, chunki qirralar bo'ylab
yo'nalishlaridan  biri  hisoblanadi. ~ Ular harakatlanish graf shaklidagi cheklangan

boshqaruv tizimlari, robototexnika, igtisodiyot,
harbiy strategiya va boshga ko'plab sohalarda
amaliy ahamiyatga ega. Bunday o'yinlarda

maydonni hosil giladi. Ta'gibchilardan biri
"asosiy ta'gibchi" deb ataladi va uning
maksimal tezligi gochuvchining tezligiga teng

ishtirokchilar o'z magsadlariga erishish uchun  (p;, = 1). Birogq, ikkinchi ta'gibchining
bilr-_birlariga qarshi hlar_akat_qil_isha}di. Ayn'iqga, maksimal tezligi nisbatan past (p, = é), bu esa
taigib va gochish o'yinlari gizigish uygotib, strategiyani ishlab chigishda qo'shimcha

ularda ta'gibchilar gochuvchini belgilangan
hududda qo'lga olishga harakat gilishadi.
Ushbu o'yinlar murakkab geometrik shakllar
yoki cheklangan mubhitlarda o'tkazilganda,
ularning tahlili yanada giyinlashadi.

Yaqin yillarda o’zbek matematik
olimlar tomonidan differensial o’yinlarda
amalga  oshirilayotgan ishlar sohani
rivojlantirib  kelmogda. Jumladan, Satimov
N.Y. [1], Azamov A.A. [2], Ibragimov G.I.
[3], [4], [5], Ibaydullaev T.T. [6], [7],
Kuchkarov A.Sh. [8], Holboyev A.G. [9] kabi
matematik olimlar sohaning rivojiga ulkan

hisob-kitoblarni talab giladi.

Bu tadgigotning ahamiyati shundaki, u
cheklangan domenlarda differensial o'yinlarni
tahlil gilishga oid yangi usullarni taklif etadi.
llgari bu yo'nalishda ko'p tadgiqotlar ochiq
bo'shliglar  yoki tekis graf shaklidagi
mubhitlarda olib borilgan bo'lsa, ushbu ish
muntazam n-burchakli prizma kabi murakkab
shakllarda  o'yin  strategiyalarini  ishlab
chigishga yo'naltirilgan. Bundan tashqari,
quvlovchilarning turli imkoniyatlarga ega
bo'lishi jamoaviy strategiyalar va rollarni

hissa qo’shib kelishmoqda.

Ushbu maqolada biz ikki quvlovchi va
bir gochuvchi ishtirok etadigan differensial
ta'gib-qochish  o'yinini  o'rganamiz. Q'yin
muntazam n-burchakli prizmaning girralarida

tagsimlashning ahamiyatini yana bir bor
namoyon etadi.

Biz ushbu magola orgali n burchakli
muntazam prizmada quvlash masalasini
o‘rganamiz. n burchakli muntazam prizma (G)
shunday fazoviy shaklki, 2 ta muntazam n



burchak, n ta kvadratdan iborat ko‘pyoqn
burchakli muntazam prizmada 2n ta uch
bo‘lib, 3n ta bir xil girraga ega. (1-rasm).

B 11:'3.1

1-rasm

2. MATERIALLAR VA USULLAR

Aytaylik tomoni bir birlik bo’lgan
ixtiyoriy A, ...A,B;..B, n burchakli
muntazam prizmada (1-rasm) P = {P;;P,}
quvlovchilar guruhi va bitta E qochuvchi
harakatlanayotgan bo’lsin. Biz ularni umumiy
o’yinchilar deb ataymiz. O’yinchilar doimo
bir-birlarining harakatlari, holatlarini ko’rib
his gilib turadi deb olamiz. P;(t),i = 1,2 va
E(t) lar mos ravishda quvlovchilar va
gochuvchining t momentdagi n burchakli
muntazam parallelipipeddagi vaziyati
hisoblanadi. Jumladan, ¢t =0 momentdagi
holat o’yinchilarning boshlang’ich  holati
deyiladi. Biz quvish 0’yinini
o’rganayotganimiz  uchun  quvlovchilarga
o’yinni o’z foydalariga hal qilish uchun
strategiyalar quramiz. Qochuvchi esa ixtiyoriy
boshqaruvni qo’llab harakatlansin deb olamiz.

Qaralayotgan differensial 0’yin
quyidagicha berilgan:
P = w, Pi(0) =Pyp, i=12;
E(t) =v, E(0) = E,

Bu yerda P, E,u;v€R? P(0)+#
E(0),va |v]| <o =1, |y < p;, umumiylikka
ziyon yetkazmagan holda, birinchi quvlovchi
P; ning tezligini qochuvchining tezligiga, 1 ga
teng, deb olamiz (p; = 1). Ikkinchi quvlovchi
P,ning tezligi esa p, = § Py, P2o
quvlovchilarning boshlang’ich holatlari va E|
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esa qochuvchining boshlang’ich holati. B(r)
orgali radiusi r va markazi R?da bo’lgan
doiralar to’plamini belgilaylik.

2.1-Ta’rif . Agar ushbu
P(t) = u;, P;(0) = Py ,i = 1,2;

Koshi masalasining P;(-) yechimi P;(t) € G,
t >0, shartni  ganoatlantirsa,  u;(-),
u;: [0,0) = B(p;), funksiya P;, i€ {1,2},
quvlovchilarning joiz boshgaruvi deyiladi.

2.2-Ta’rif . Agar ushbu
E(t) =v, EQ0) = E,,

Koshi masalasining E(-) yechimi E(t) € G,
t=>0, shartni ganoatlantirsa, v(-),
v:[0,00) - B(o) funksiya E qochuvchining
joiz boshqaruvi deyiladi.

Biz quvlash differensial 0’yinini
qaraymiz. Bunday differensial o’yinlarda
quvlovchilar biror strategiyalarni qo’llaydi,
gochuvchi esa ixtiyoriy joiz boshgaruvni
qo’llaydi.

Endi quvlovchilarning strategiyalariga
ta’rif beramiz.

2.3-Ta’rif Agar u; =
U;(t,x1,x,,y,v), i =123, funksiyalar va
gochuvchining  ixtiyoriy v =wv(t) joiz

boshgaruvi uchun berilgan Koshi masalasi
yagona P;(t),P,(t), E(t), t =0, yechimga
ega bo’lsa, (t,P,P,,E,v) —
U;(t,P,,P,,E,v), i =1,2,3, funksiyalar mos

ravishda P; i=1,2 quvlovchilarning
strategiyalari deyiladi.
24-Ta’rif . Agar E qochuvchi

kuboktaedrning ihtiyoriy girrasida joylashgan
holda qanday strategiya qo’llamasin, P =
{P;; P,} guruhning shunday strategiyasi va
unga binoan shunday t > 0 soni topilsaki,
biror i=1,2 uchun P;(t) = E(t) tenglik
o’rinli bo’lsa, u holda o’yinni quvlovchilar
guruhi yutdi (ba’zan o’yin tugadi) deyiladi.

Quyidagi teorema ushbu magolaning
asosiy natijasi hisoblanadi.

3. NATIJALAR VA MUHOKAMA

3.1-Teorema. Agar o=1 hamda
p1=1,p; = ébo’lsa, P quvlovchilar guruhi n



burchakli muntazam prizma girralarida o’yinni
yutadi.

Isbot. Tutilish ~ holi.  Avvalambor
o’yining tutilish holini ko’rib olamiz.
Aytaylik, birinchi quvlovchi P; biror A;(i =
1,n) uchda(B;(i = 1,n) uch uchun ham huddi
shunday strategiya tuziladi) uchda
bo’lIsin(ikkinchi quvlovchi P, ning
boshlang’ich vaziyati ahamiyatsiz). Qochuvchi
esa shu paytda B;,_,B;(i=1,n, agar i =1
bo’lsa i — 1 ni n deb olamiz) yoki B;B;;1(i =
1,n, agar i =n bo’lsa i + 1 ni 1 deb olamiz)
girrada bo’lsin. Bu vaziyatda P; quvlovchi
gochuvchi B;_; yoki B;,, uchga kelmaguncha
harakatlanmaydi. P, quvlovchi B n burchakka
kelib, gochuvchi tomon harakatlanadi va
natijada qochuvchi bu uchlardan biridan
o’tishga majbur bo’ladi. Aytaylik B;_; uchdan
o’tsin(B;;; uch uchun ham huddi shu
strategiya o’rinli). Shu vaziyatdan boshlab
agar qochuvchi B; uch tomon harakat gilsa P;
quvlovchi, qochuvchi B; uchdan gancha
masofada turgan bo’lsa, B; uch bilan shuncha
masofani saglab harakat qiladi. Natijada
gochuvchi A; uchga kela olmaydi. Agar
gochuvchi B;,, uch tomon harakat gilsa, P;
quvlovchi, gochuvchi B;,, uchdan gancha
masofada bo’lsa, A;,; uch bilan shuncha
masofani saglaydi. Qochuvchi B;,, uchga
yetib kelsa, shu paytdan boshlab P, quvlovchi

yuqgoridagidek harakat qgiladi va natijada
gochuvchi B;,; uchga kela olmaydi. P;
quvlovchining  bunday  harakat  qilishi

natijasida gochuvchi B n burchakda fagat bir
tomonga harakat gilgan holda harakatlanishi
mumkin. P, quvlovchi esa gochuvchi
harakatlanishi mumkin bo’lgan tomonga
teskari ravishda harakatlanadi va natijada uni
Keyingi ko’rilyotgan hollarda ,,Tutilish holi”
ga olib kelinganda tutildi deb hisoblaymiz.

Avytaylik, quvlovchilar n burchakli
muntazam prizma G ning A;(i = 1,n) uchida
turgan bo‘lsin. Aks holda biz P, va P, larni
A;(i=1,n) uchga keltirib olamiz. P,
quvlovchi A;B; girrada B; uchdan § masofa
uzoglikdagi nugtaga keladi. Bu paytda
gochuvchi G ning ixtiyoriy nuqgtasida
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joylashgan bo‘lsin (3-rasm). tutadi(2-rasm).

3-rasm

Shu paytdan boshlab quyidagi hollarni ko’rib
chigamiz:

1-hol. Aytaylik qochuvchi B;_B;(i =
1,n,agar i =1 bo’lsa i — 1 ni n deb olamiz)
yoki B;B;.1(i=1,n, agar i =n bo’lsa i + 1
ni 1 deb olamiz) girrada bo’lsin. U holda bu
hol ,,Tutilish holi”ga aynan mos.

2-hol. Qochuvchi G ning B;_B;(i =
1,n, agar i = 1 bo’lsa i — 1 ni n deb olamiz)
yoki B;B;,,(i =1,n, agar i =n bo’lsa i +1
ni 1 deb olamiz) girrasidan tashqgari ixtiyoriy
nuqtasida bo’lsin. Bu holda P; quvlovchi
gochuvchining A n burchakdagi soyasi tomon
eng qisqa yo’l bilan harakatlanadi.




Ta’rif. Qochuvchining soyasi
deyilganda, u turgan nugtadan yon girralarga
parallel to’g’ri chizig o ’tkizilganda, bu to’g’ri
chizigning A va B n burchaklar bilan kesishish
nugtalariga aytiladi.

Bu paytda P, quvlovchining vazifasi
esa qochuvchini  A;va B; uchlarga
keltirmaslikdan iborat. Buning uchun u agar
gochuvchi B;,4 (B;—;uch uchun ham shunday)
uchga kelib B; uch tomon harakatlansa,
gochuvchi B; uchdan gqancha masofada bo’lsa,

u B; uchdan shu masofaning é gismi bilan teng
masofani saglab harakat giladi(4-rasm).

Agar qochuvchi B;,; (B;_juch uchun ham
shunday) uchga kelib A;,; uch tomon
harakatlansa P, quvlovchi ham A;} A-rasm

1 . .
uchdan E masofa UZOQ'Ikdagl Nuyta winun

harakatlanadi. Agar gochuvchi A4;,; uchga
kelib A; uch tomon harakatlansa, gochuvchi 4;
uchdan gancha masofada bo’lsa, P, quvlovchi

A; uchdan shu masofaning % gismi bilan teng

masofani  saqglab harakat qgiladi. Agar
gochuvchi A4;,, uchga kelib A4; uch tomon
harakatlansa ham P, quvlovchi huddi shunday
harakat qiladi. P; quvlovchining harakati
tufayli gochuvchi A; uchga A;,, uchdan
o’tmasdan kela olmaydi. Shunday ekan P,
quvlovchining bunday harakati natijasida
gochuvchi A; va B; uchlarga kela olmaydi.
Natijada qochuvchi A va B n burchaklarning
birortasi  to’liq  sikl bo’ylab  aylanib
chigolmaydi. Natijada P; quvlovchi uzog’i
bilan A n burchakni bir marta aylanib chiqib
gochuvchining A n burchakdagi soyasini
tutadi. Soyasini tutganda esa o’yin ,,Tutilish
holi”ga keladi.

118
4. XULOSA

Ushbu maqgolada n burchakli muntazam
prizmaning qirralarida 2 quvlovchi va bir
qochuvchili differensial 0’yin o’rganildi.

n  burchakli  muntazam  prizma
girralarida bir gochuvchini tutish uchun eng
kamida 2 quvlovchi yetarli ekan. O’yin
davomida quvlovchilarga o’yinni yakunlash
uchun strategiyalar qurildi.
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Estimation of accuracy of the numerical solution of Cauchy problem
for quadratic dynamical systems using Runge-Kutta methods

Odiljon S.Akhmedov , Dilshoda B.Muzaffarova

Andijan State University, Andijan, 170100, str. University, 129 (Uzbekistan).

AHHOTaumA. B cTtaTtbe, ¢ ncnonb3osaHnem metogos PyHre-KyTTa, npMMeHsieMbIX Ans YNCNIEHHOrOo

peweHna guddepeHumanbHbiX ypaBHEHUNR,
YUCIEHHbIM peLLUeHMAMU KBaApaTUYHOW CUCTEMBI.

HangeHa oOueHKa pa3HOCTN Mexay I'IpVIGJ'IVI)KeHHbIM n

KniouyeBble crnoBa: guMHaMuMyeckasi CUCTEMA, YMCIIEHHblE MeTodbl, MeTopq PyHre—KyTTa, meTon

DN-cnexeHus, bunuHenHoe otobpaxkeHue.

Abstract. In the article, using the Runge-Kutta methods, which is used to solve differential
equations numerically, an estimate for the difference between the approximate and numerical solutions of

the quadratic system is found.

Keywords: dynamical system, numerical methods, Runge-Kutta method, DN-tracking method,

bilinear mapping.

Annotatsiya. Maqolada differensial tenglamalarni sonli yechishda qo‘llaniladigan Runge-Kutta
usullaridan foydalanib, kvadratik dinamik sistemalar uchun tagribiy va sonli yechimlar o‘rtasidagi fargning

bahosi topilgan.

Kalit so‘zlar: dinamik sistema, sonli usullar, Runge-Kutta usuli, DN-kuzatuv usuli, biliniar

akslantirish.

1. INTRODUCTION

In the work [1] A.Azamov proposed a
new method of DN-tracking, based on the idea
of using a numerical method to establish that a
specific trajectory of a dynamical system has
one or another property. This method is based
on an estimate of the difference between exact
and discrete solutions, as well as between
discrete and numerical solutions for dynamical
systems.

Estimation of the difference between
exact and approximate solutions for quadratic
systems was obtained in the article [2]. In this
paper an estimate is derived for the difference
between the approximate and numerical
solutions for quadratic systems.

2. MATERIALS AND METHODS

Let us consider a quadratic system of the

form

z=f(2), 2(0)=2z, z€R?
(1)

where z = (24,25, ..., Zg),

d d d
— k k k
fk(Z) =c"+ Z a; z; + ZZ bijZiZk'
i=1 i=1 j=i

It’s known that the sizes of computers memory
are limited meaning that binary cells are fixed
and the system of representable real numbers

¢k, af, bSER, ijk=1d.
Assumption. Solution z(t) of the

system (1) exists on the given segment [0, T]
and does not leave the convex compact region
K.

Let us use the general Runge-Kutta
scheme of the second order of accuracy to solve
(1) numerically with integrating step [J =£ [3-
5]:

Znt1 = Zn + D1k1(2, 1) + D2k, (2, 1)
)
where k,(z,[1) = [f(2),
kz(Z, D) = Df(Z + ﬁzlkl(z' D)),
p1+p2=1,2B1p, =1

N — is the number of division of the
segment [0, TT].

Definition 1. The sequence of real
numbers zi1, 72, ..., zn IS called a discrete
solution of the Cauchy problem (1).

are bounded. Therefore, in real calculations due
to rounding of results (on computer) instead of
discrete solution {z,}, another sequence of
vectors ¢, is obtained.
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Definition 2. The sequence of real my = max |f(2)|; m; = max |f'(z)|;
numbers {1, {2, ..., {n is called a numerical ZEK ZEK

solution of the Cauchy problem (1). M2 = 8% HF @

Definition 3. rd (x) (abbreviation for Where [-[,[I-[l,lll[Il — Euclidean norms of the
rounding) denotes the result of rounding a real Vector f(z), linear mapping f'(z) and
number x accurate to decimal places k signs bilinear mapping f”(z), respectively.
after decimal separator, i.e. rd(x)= Note that the maximum values of vector
107%[10%x + 0.5], where [-] — integer part functions ki(z, 1), ky(z ) are easy to
sign, k — a fixed positive integer. estimate in terms of mg, my, m,, namely

By definition, it is easy to see that max |ky(z, ()] < mel) = L (1),

lx —rd (x)| <A=0.5-107%,
For the vector n € 4, weset rd (n) =

(rd (n,), rd (1), ... ,rd (1))
Introduce notations

2
max lky(z, )| < myll + Byymomy [12 +ﬁ%m%mzi3 =L, (0).
z

3. RESULTS AND DISCUSSION

Theorem. Let Assumption and conditions z, € K ,, € K hold forall n = 0,N . Then

LT

|z, —Cnl < Ava, n=0,N.

Ll
Where L= p1L1+p2L2; Ll = my, LZ = (m1 + ﬁ21m211(D)) (1 + 321 DLI), Ard - I’OUI’]dIng
error at one step.

Proof. Consider the operator
R[z] = z + p1kq (2, 10) + D2k, (2, 1D).
Then the scheme takes the form z,,; = R[z,].
Let’s put Z,,1 = R[{,], then
RIx] =Ryl =x =y +pi(ks (x, k) — ke (y, b)) + p2 (k2 (x, h) — k2 (v, h))
Applying Adamar’s lemma [4]
1
| ri(e2)do
0

|k (x,h) =k (v, W) < h |x =yl < mihlx -yl

where 6y = ox + (1 — 0)y.

For the vector function k,:
lky (x, h) — ko (y, )

[ 102 + Barots o) + oy 1= ) by, 1)) o
0
X |x =y + B (ki (x, h) — ke (y, ).

<h

Furthermore, due to the quadraticity of f we obtain inequality

£ (0% + Bzaoky (6, h) + Box (1= 0) ky v, )| < ||/ (0| + || (02 ) (Baaokes (x, 1) +
P21 (1 —0) ki (y, h)) ” < my + fymyli(h) .
Thus,
Ik, (¢, ) — ky (v, W)| < h (my + Baymyli(R))(1 + BayhLy)|x — y| = Lyhlx — yl.
So
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IR [x] =R [y]l < (1 +Lh)|x—yl,
where L = p;L+p,L,.
Obviously, the vector ¢, which is obtained by computer the vector rd ( {) coincides with its
argument, i.e. ¢ = rd ({). Let us estimate the error in calculating f({).
Using the definition of rd(), we have

laf¢; —rd (afg)| <A, |Gg —rd (G| < A
Multiplying both sides of the last inequality by |b/f| , we get

by — blyrd (6:8))] < [bis]a (3)
By definition of rd()

[pfrd (6ig;) —rd (bfrd (6i5)))| < &, 4)
By (3) and (4)

|ptcic; —rd (blrd (6:5))| < [bfla+a,

All obtained inequalities |mply

|Z aféi — Z'rd (aikfi)| < Z-A: da,
‘zz jztbg{i{f_zizjzi'"d (b5rd (% z z (b + 1) A

Therefore,

O =

O+ ) rd @ty + ) B rd(blrd (aq)))‘

<d+z Z} (bl |+1)>

So, the error of f({) is estimated as follows

|65 < /Z Sk
k

6 =1 @)=~ RA(FQ) . RAS(Q) = (RAAQ), RAL(S, -, RA (fa(D),
RA (fulen = ) rd(alc)+) > rd (fjrd 660)

This implies,

|0 -TRd(F(Q))| <D /zka,i ST\/Z <d+zz (| bk |+1)> A.

[TRA(f () - rd (TR (f(D))] < AT 12 = AVE

where

and,

Finally, for the error in calculating the value of k;({, (1) we obtain the estimate
16| < (H\/E <d+z z (| bk |+1)> +\/E>A= A,

where &, = LIf({) —rd (LRd(f({))

(5)
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Now, let’s proceed to deriving an estimate for the calculation error of function k. For this
purpose, we first determine f( { + S21k1). By (5) we have

kl((' D) = El (Zl D) + 6k1

where k,(¢, ) = rd (DRd (f(())).

Therefore 3

f Q4 Barks (3, 0)) = £ (€ + Parks (3, 10) + B210k,)-

Let 8, = B21k:((,0) —rd (ﬁ21E1((; j))

then
F(C+ Baaka (6, 0) + Baab,) = £ (C +7d (Barka (S, 0)) + 8, + Baabiy) -

Expanding the expression into a Taylor series at the point {, = { + rd (ﬁm%l @, D)), we

obtain
f @G+ 8, + P216k,) = f (&) + (G (Ox, + P216k,) + 0.5F" (§) (O, + P216k,)
Since rd ({;) = ¢, 50 f(§) = Rd(f (§)) + by
Additionally, due to the quadraticity of f, it is true
f@) =@ +f"(Q) rd (ki ¢,1))
Thus,

F(S + Barla(@, D) = RA(F(8)) + 8y +(F1Q) + £1©) rd (aky (6 7))) By + Bri) +
0.5f" (5) (%, + aa6i,)
So,
If @ + ks (5, 1) — RAF(G,)] 2
< (I85] +my + Bramaly (7)) (8%, + Bari,) + 0.5m; (8%, + Barbi,)

2
< 65| + (my + Baymaly (1D))(Br1By + AVA) + 0.5m,(B214, + AVA)

Multiplying both sides by [ we obtain upper bound of numerical error for k, (¢, 1)), in

the following form:
2
|61, < Ay + T(my + Bomaly(0))(VAA + By14y) + 0.50m,(VdA + B18) = A,

where &, =k, (¢, ) — Rd (kz (¢, 7)), Rd(k, (§,71)) =rd( [ Rd (f ().

As a result, for the calculation error with rounding by step, we obtain the estimate

|Zn1 — Cnsal = |Z_n+1 - Rd((n + p1k1(Gn, 1) + P2k (G, D))l < Py + poly +VdA= Ay
Combining this estimate with the inequality
|Zn41 — Zppa|l < (X + Lh )|z, —

we get
|Zn+1 - Z_n+1 + Z_n+1 - €n+1| = IZn+1 - €n+1| < Ard + (1 + Lh) |Zn - (nl < e
(1+ L)1 -1 ell —1
= N

LT _ N
Finally, |z, — ul < “=—Aq, forall n=0,N.
Theorem is proved.

Similarly, for the Runge-Kutta scheme of the third order [6-11]

Zn+1 = Zn + plkl(zl h) + kaZ(Z' H) + p3k3(z; H)
where

k1(z,h) = hf (2), kz(z,h) = hf (z + B21k:(z, h)),

k3(z,h) = hf (z + P31k1(z, h) + B32k,(2, h))
and also:
p1t+ptpz =1,
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2(B21p2 + (B31 + B32)p3) = 1,
3(52121’2 + (Ba1 + B32)?ps) = 1,

) ) 682183203 = 1,
following theorem is true.
Theorem. Let along with the assumption, conditions z,, € K and ,, € K be satisfied for
alln =0,N. Then

elT —1

Lh

|Zn_€n| < Arg ,n=0,N

where
L =p,Li+psLy + psls; Ly = my;
L, = (my + Baimali(h)) (1 4 BarhLy);
L; = (m1 + my(B3111(h) + ,33212(5))(1 + 0 (B31Ly + ﬁ32L2)),
2
Il(D) = moh, Iz(D) = moh + 321m0m1h2 + ﬁ%mgmzh3.
A,.4 —calculation error with rounding at one step.
Proof. Similarly, let us introduce the operator
R[z] = z + p1k1 (2, h) + 2k, (2, h) + p3ks(z, h)

Then the third order scheme will take the form z,., = R[z,] .
Let’s put Zn41 = R[]
Then
R[x] =R [yl = x — y + p1(ky (%, 1) — ks (v, 1)) + pa(kz (6, h) — ka (3, h))
+ p3(ks(x, h) — k3(y, h))
Applying Adamar’s lemma [4], we have

lky (x,h) —ky (v, )| < h

[ 7(a)do
0

|x —y| < myh|x —y|

where ) = ox + (1 — 0)y.

Next, Adamar’s lemma, as applied previously, is used to find for increments k, and k.
But this time, unlike the previous case, the argument of integrand can go beyond K. To get around
this circumstance, using Taylor’s formula results in:

lkez (x, h) =k, (v, h)| .
<hl[[ F/(0F + Bacts ) + B (L= 0) ey, 1) o
0
X =y + Bor (ks (5, 1) = ey, ).

Further,

If' (o7 + Baaoky (¢, h) + Bry (1 —0) ks )| < |IF/ ()| + |1f7 (67 ) (Baroks(x, B) +
f21 (1 —0) ki(y, h)) ” < my + Bpimyli(h).

Thus,
lky (x,h) —ky (,h)| < h (ml + [321m211(h)) (1 + B21hLy) |x —y| = Lyh|x — y|.

Further,
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lks (x,h) — ks (v, h)|

1
<h f f’(Gg + B310k1(x,h) + 320 ky (x, h) + f31.(1 — o)k, (y, h)
0

+ B32(1 — 0) ky (v, h))do
X |x =y + Ba1(k1(x, h) = ky (v, 1)) + B2 (ky(x, h) = ky (v, W)

Let us separately evaluate the integrand

||f'(0,3’ + B310k1 (X, h) + B30 ky (X, h) + B31(1 — 0)k1 (¥, h) + B32(1 — o) k2 (, h)) ” =
||f’(0£’)|| + |||f”(‘793/)”| X |B310k1(x, h) + B30 ky (x, h) + B31(1 — o)k (y, h) +
B32(1—0) k,(y,h)| <my + m, (33111(h) + B3zl (h))

That’s why

lks O, h) —ks (v, R)| < h (m1 + mz(ﬁ31’1(h) + B3zl (h))) (1 + h(B31L1 + B32L, ))lx -
y| = Lshlx —y|

Thus
IR [x] =R [yll < (1 +Lh)|x—yl,
where
L =piLi+pyL, + ps3Ls.

Analogously, for the error in calculating the value of k;({, (1) one can obtain the estimate

|8, | < DjZ(“ZZ .(b{‘j+1)>2 +Vd |A= A,
| md >

where 6, = f({) —rd (URA(f(J)) .
And

2
|6k2| <A+ D(m1 + Baama Iy ( j))(\/EA + ,321A1) + 0.5 sz(\/EA + 321A1) = A,

where 8, =k, ({, 1) — Rd (k; ({, 1))

Rd(k; (¢,1)) =rd( hRd (f ().

Similarly,

lks (¢,h) — Rd (k3 ({,h))|
<A +h (m1 + mz(ﬁ31[1( h) + B3215( h))) (\/HA + B3141 + ﬁ32A2)

2
+ 05hm2 (\/EA + ﬁ31A1 + 1832Az) = A3
where Rd (k3 ({,h)) means successive roundings when calculating k5.

As a result, for the calculation error with rounding by step, we obtain the estimate

|Z_n+1 - {n+1| = |Z_n+1 - Rd((n + P1k1(§n, h) + szz ((n' h) + p3k3((n; h))l
< piAy + poby + pshs +VdA= Ay

Combining this estimate with the inequality

|Zn+1 - Z_n+1| < (1 + Lh )IZn - (nl
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|Zn+1 - Z_n+1 + Z_n+1 - (n+1| = |Z_n+1 - (n+1| < Ard + (1 + Lh) |Zn - <n| < e

we get
(1+ L)1 -1
< h ra<
Finally,
IZn - (nl <
forall n=0,N.
4, CONCLUSION

The obtained error estimate for Runge-
Kutta methods in solving the Cauchy problem
for quadratic dynamical systems offers
practical benefits. This finding highlights a
common structure in the error behavior of
these methods. By applying this estimate,
users can more effectively control the accuracy
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Uch quvuvchi va bir qochuvchili gqochish differensial o‘yini.

I.M.Yusupov

Z. M. Bobur nomidagi Andijon davlat universiteti, O‘zbekiston, 170100, Andijan sh, Universitet
ko‘chasi 129 uy

Annotatsiya. Mazkur magola uchta quvuvchi va bitta gochuvchining ishtirokidagi oddiy harakatli
differensial o'yin tahliliga bag‘ishlangan. O'‘yinchilarning boshqaruvlari Gronwall tipidagi energetik
cheklovlar bilan chegaralangan. Agar gochuvchining holati hech bir vaqgtda hech gaysi quvuvchining
holatiga teng bo‘lmasa, unda bunday vaziyat gochish mumkin bo‘lgan holat sifatida qaraladi. Magolada
gochuvchi uchun shunday strategiya taklif etamizki, u quvuvchilarning dastlabki joylashuvlaridan gat’i
nazar, ulardan muvaffagiyatli gochishni ta’minlaydi.

Kalit so‘zlar: Differensial o’yin, qochuvchi, quvuvchilar, boshgaruv, strategiya, monevr, Gronuoll
chegara.

AHHOoTauma: [aHHad cTaTba nocesileHa aHanu3dy anddepeHumnanbHON Wrpbl € NPOCTbIM
OBWKEHMEM C yyacTuem Tpéx npecrnegoBaTenen u ogHoro yberawuwlero. YnpasBrneHue urpokamu
OrPaHNYEHO JHEPreTU4EeCKUMM orpaHnyeHnammn tuna FpoHyonn. Ecnu coctosiHue yberaroLiero Hukorga
He paBHO COCTOSIHWIO HWM OAHOrO MpecnefoBaTens, TO Takas CUTyauns paccMaTpmBaeTCs Kak COCTOSIHME,
B KOTOPOM BO3MOXEH YKNoHeHue. B crtatbe Mbl mpegnaraem crtpaternio ans yberawowiero, kotopas
obecneynt ycnewHoe YKIOHeHMe OT MnpecrnegoBaTenen Hes3aBUCMO OT WX MepBOHAYanbHOro
MECTOMOSOXEHNS.

KnroueBble cnoBa: [udpdepeHumanbHaa urpa, yberawowun, npecrnegoBaTenu, yrnpasreHue,
cTpaTterusi, MOHeBp, rpaHuua FpoHyonna.

Abstract: This article is devoted to the analysis of a differential game with simple motion involving
three pursuers and one evader. The players' controls are subject to Gronwall-type constraints. If the state
of the evader never coincides with the state of any pursuer, such a situation is considered as one in which
evasion is possible. In this article, we propose a strategy for the evader that ensures successful evasion
from the pursuers regardless of their initial positions.

Key words: Differential game, evader, pursuers, control, strategy, maneuver, Gronwall constraint.

I.Kirish.

Gronuoll turidagi cheklovlar differensial
o‘yinlarda muhim boshqgaruvlardan biri sifatida
qaraladi. Gronuoll boshqaruvli diffrensial o‘yinlar
[8, 9, 10, 11, 13]da keng o‘rganilgan. Aynigsa, [10,
11] ishlarda bitta gquvuvchi va bitta gochuvchi
ishtirokidagi differensial o‘yinlar ya’ni quvish-
gochish va “hayot chizig‘i” turidagi modellar tahlil
etilgan. Bu ishlarda o‘yinchilarning boshqaruvlari
Gronuoll turidagi boshgaruvlar bilan chegaralangan
bo‘lib, quvuvchi uchun TI-strategiya deb ataluvchi
parallel quvish strategiyasidan foydalanilgan. Shu
bilan birga, qochuvchining optimal strategiyasi
aniglanib, tutish vagtining optimal giymati ham
hisoblab topilgan. Bu natijalar Isaacs, Petrosyan,

Pshenichnyi, Azamov kabi olimlarning
fundamental  tadgigotlariga  tayangan  holda
rivojlantirilgan.

Ko‘p quvuvchili  qochish  differensial

o‘yinlari ham differensial o‘yinlar nazariyada
alohida o‘rin tutadi. Bu borada [1-7] maqolalarda
ko‘p sonli O‘zbekistonlik va xorijiy olimlarning

ilmiy ishlari mavjud. Jumladan, [1, 4-7]
magolalarda boshqgaruvlariga integral
chegaralanishli ko‘p quvuvchili differensial

o‘yinlar tahlil gilingan. Shuningdek, [3]da bitta
gochuvchi va m ta quvuvchidan iborat sodda
harakatli, geometrik chegaralanishli differensial
o‘yin o‘rganilgan. Bu ishda qochuvchining
strategiyasi qurilib, uning muvaffagiyatli qochib
keta olishi asoslab berilgan.

Mazkur magolada boshgaruvlariga Gronuoll
chegaralanishli soda harakatli uchta quvuvchi va
bir gochuvchili differensial o‘yin ko‘rib chiqiladi.
Unda qochuvchi uchun samarali strategiya taklif
etilib, bu strategiya yordamida u quvlovchilardan
gochib ketishi mumkinligi isbotlanadi.

I1. Masalaning qo‘yilishi.

Ikki quvuvchi x;, i=1,2,3va bitta
gochuvchi y ning dinamikasi R® da quyidagi
differensial tenglamalar bilan tasvirlansin:

X =U,

y=Vv,

X (0)=x,,1=1,2,3

y(0) = yo, @
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bu yerda x;,y,X,,Y, €R®, d>2, u,va v mos Ta'rif 2. Uzluksiz V:RxRxRxR* —R*
ravishda i -chi quvuvchi i=1,2,3va qochuvchi y
ning boshqgaruv parametrlari.

(t’61'02’ y’ Xl' XZ'ul'UZ) _)V(t’el'HZ’ y’ Xl' XZ'ul'UZ)

funksiya, qochuvchining strategiyasi deb ataladi,

Ta'rif 1. Borel o'lchovli u (t)va v(t) , 120 agar quvuvchilarning ixtiyoriy joiz u, = u,(t),

funksiyalar quyidagi tengsizliklarni ganoatlantirsa: U, = u,(t) boshgaruvlari uchun

t
lu,@®) P<p”+2b[|u(s)P ds, t=0, (2) V=V (16,60, Y,%, %, U,U,)
0

t da, (1) boshlang'ich giymat masalasi yagona
V(R P<o? +2b[|V(s) F ds, 20, (3) (Y(®), %, (1), %, (1)) 6, = 6,(t), 6, = 6,(t) yechimiga
0 ega bo'lsa va quyidagi shart bajarilsa:

mos ravishda quvuvchilar x;, 1=1,2,3 va P .
[V(t,6,6,,y,%,%,u,U,) "< o +2b.f|V(s,¢9l,¢92,y,xl,xz,ul,uz)l ds,t>0.
0

gochuvchi y ning joiz boshgaruvlari deyiladi, bu
yerda p,, o, p, <1, o>1va b berilgan mushat
sonlardir. bu yerda 6, (t) va 6,(t), t >0 berilgan

Biz x, -chi quvuvchi va y gochuvchining barcha funksiyalardir.

ruxsat etilgan boshgaruvlari to'plamlarini mos Quvuvchilarning harakatlari ixtiyoriy, ya'ni

ravishda U, va V bilan belgilaymiz. guvuvchilar gochuvchi strategiyani go'llagan
vaqgtda har ganday joiz boshgaruvlarni go'llaydilar.
(1) tenglamalarini yechib, biz quvuvchilar

va gochuvchining joiz boshgaruvlari u,(-) e U, va Ta'rif 3. Biz (1) o'yinda gochish mumkin deymiz,

agar gochuvchining shunday V strategiyasi
mavjud bo'lsaki, quvuvchilarning har ganday
boshqaruvlari uchun barcha t >0va i=1,2,3

uchun x; (t) # y(t) ) tengsizlik o’rinli bo'lsa.

v(-) e V ga mos keladigan traektoriyalarini
quyidagi tenglamalar bilan aniglaymiz:

t t
X (1) = %o+ [u,(5)ds, 1=1,2.3  y() =y, + [v(s)ds,
0 0 Muammo: (1) o'yinida gochish mumkinligini
ta'minlash uchun gochuvchining V strategiyasini
mos ravishda. qurish.

Lemma 1. Agar[12] Qochish o'yini (1) ni R® da, ya'ni d = 2bo'lganda
. ko'rib chigish kifoya.
|(t) P< p? +2b j |(s) [? ds
0

bt . I11. Asosiy natija.
bo'lsa, u holda | @(t) |< pe™ bo'ladi, bu yerda w(t) ,

t>0, o'lchovli funksiya va o berilgan musbat Bir quvuchi va bir gqochuvchili hol. Biz (1)
differensial 0’yin uchun quyidagi parametrlar va

sondir. tushunchalarni Kiritib olaylik.
Lemma 1 ga ko'ra, o'yinchilarning joiz
boshgaruvlari u,(-) e U va v(:) e V uchun bizda

quyidagilar mavjud:

a va a sonlarini quyidagi shartlarni
ganoatlantiradigan gilib tanlaymiz:

u@®l<pe™i=1.23 |v(t)]<oe” (4) o<a<§(a—1>, 0<a<|x -y, (5)

Biz qochuvchi strategiyasi uchun ta'rif beramiz.
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Qochuvchi strategiya qo‘llaydi, quvuvchilar esa
ixtiyoriy boshgaruv u, (t) = (u,(t),u;,(t)), t=>0 dan
foydalanadi. Quvuvchining trayektoriyasi esa

X (1) = (%, (1), %, (1)) ga teng.

Keyingi bosgichda, gochuvchining gochishni
ta’minlaydigan strategiyasini quramiz. Avvalo,
gochuvchi Oy -o°qi bo‘ylab quyidagicha harakat
giladi:

V,(t) =(0,0€™), te[0,7),  (6)

bu yerda t =7 :| x;(t) — y(t) |= a bo‘lgan birinchi
vaqt bo‘lib, u quvuvchilardan qochuvchiga a
masofagacha yaginlashish vaqti deb yuritiladi.

Bu yerda ikki holat mavjud. Birinchisi -z vaqt
mavjud bo‘lmasligi mumkin. Agar shunday bo‘lsa,
u holda | x; (t) — y(t) |> a har ganday t>0 uchun
bajariladi va bu holatda x, (t) # y(t) bo‘lib qoladi,
ya’ni qochish har doim (t >0 uchun) mumkin
bo‘ladi. Endi vaqt = mavjud deb faraz gilamiz. Biz
7' vaqtni quyidagicha aniglangan vaqt deb olamiz:
Labj. Biz (1) differensial o’yinda

r'= L [eb’ +

b o -
quvuvchilarning biri gochuvchi bilan a masofaga
yaginlashsa ikkinchi quvlovchi 7’ vaqtdan keyin

a masofaga yaqinlashgan holni ko’ramiz.

Biz (1) differensial o’yinni quyidagi bitta
quvuvchi va bitta qochuvchi bo’lgan xolini ko’rib
chigaylik :

X=u,
y=V,

X(0) = x,,

y(0) = yo, 0

bu yerda x, # y,,va u=(u,,u,), v=(v,V,)-
guvuvchi va gqochuvchining boshgaruv
parametrlari.

Biz gochuvchi V (t) = (V,(t),V,(t)) uchun [z,7")
oralig‘ida quyidagi strategiyani taklif gilamiz:

V,(t) = Jozez*" —VA(t).

wo=] 140! +ae™, % (1) <y (7)
T (lu@ 1 Hee™), x(2)> ()

(8)

143

Anigki,
IV, (t) |=| u, (t) | +ae™ <€ +%((7 -1)e” <oe™

shuningdek V, (t) ham aniglangan

[z,7") vagt oralig‘ida aniqlangan.
V (t) = (V,(t),V, (t)) strategiyasi gochuvchining
guvuvchiga nisbatan manevr harakati deb ataladi.

7' vaqtidan boshlab, gochuvchi quyidagi tezlik
bilan harakatda davom etadi:

Vy(t) =(0,0€™), tx7" 9)

Lemma 2. Agar gochuvchi (6), (8) va (9)
strategiyalaridan foydalansa, u holda:

ly(t)—x(t)[>a, 0<t<z, (10)

ly() = x() |> ‘;‘—2 r<t<7, (1)

Y,t)—x,(t)>a, t>7". (12)

tengsizliklar o‘rinli.

Lemma isbotini Yusupov .M va Zokirjonov S.M
larning [13] maqolasida ko‘rishingiz mumkin.

Ko‘p quvuvchi va bir qochuvchili xol.

Teorema. (1) o‘yinda o ‘yinchilarning istalgan
boshlang ‘ich holatlari uchun gochish mumkin.

Teoremani isbotlash uchun gochishni
ta’minlovchi qochuvchining strategiyasini tuzamiz.
Isbotni bir nechta kichik bo‘limlarga ajratamiz.

Parametrlarning ta’riflari. Quyidagi ifodalarni
ganoatlantiruvchi musbat sonlarni tanlaymiz.

O<acx< min{l,%(o-—l)},

. (c-Da
O<a < —X,|, f=——
2 |:rpmm| Yo=Xol: £ 12852e""

bu yerda T:T1+8;a11_ ,B<% chunki

o —

e >1,a<%(a—1).

a,; sonini tanlangach, biz ay,; = Bay,
k =1,2,.. tenglik orgali kamayuvchi {a;};-,
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musbat sonlar ketma-ketligini aniglab olamiz. Endi
yaginalshish  vagtlarini  aniglashtirib  olamiz.
Tasavvur gilaylik gochuvchi biror strategiya ostida
harakatlanayotgan bo‘lsin. t = t; > 0 soni birinchi
marta |xs, (t1) — y(t1)| = a1, 51 € {1,2,3} tenglik
va barcha 0<t<t,i=1,23 uchun |x;(t)—
y(t)| > a; tengsizlik bajariladigan vaqt bo‘lsin.
Ushbu 7, vagt x; quvuvchining y gochuvchiga
a, —Yaginlashish vaqti deb ataladi.

Umumiy qilib aytganda, agar
T, Ty s T, T1 < Tp <o < T_q SONlari mos
ravishda a4, a,, ..., air_q —Yyaginlashish  vagqtlari
bo‘lsa, u holda biz |xsk(rk) —y(rk)| = ag,Sk €
{1,2,3} tenglik va barcha 0<t<Ti=123
uchun |x;(t) — y(t)| > a, tengsizlik bajariladigan
qilib t =1, > 1,1 a,— Yyaqginlashish vaqtini
aniglab olamiz.

Shuni ta’kidlab o‘tish kerakki, 7, vaqt bir
vaqtning o‘zida bir nechta quvuvchilarda sodir
bo‘lishi mumkin. Misol uchun, 1-Rasm da
a, —Yyaginlashish vagti birdaniga X1, Xy
quvuvchilarda sodir bo‘lgan. U holda umumiylikka
ziyon keltirmagan holda biz bu quvuvchilarning
ixtiyoriy birini tanlab uni x;, quvuvchi deb olamiz.

® yme1)

1-Rasm. Ikki quvuvchi a; —yaginlashish
vagti.

X, quvuvchi uchun 1, vaqgtdan tashgari
keyinchalik ty,, Ty, .., yaginlashish vaqtlari ham
sodir bo‘lishligi muhim hisoblanadi. Aytaylik

T =—ln(ebf’<+4akb) k=12,..,t9=0,71}
k o — 1 ] 14y =y b0 )
= OO_
E’tibor  bering, 7',7',,7',... ketma-ketlik

o‘suvchi bo‘lishi shart emas.

144

Tasdiq. Har bir k=1,2,... uchun

quyidagi tengsizlik o ‘rinli

4a,

!

T, -7, < .
k k

-1

’

Isbot. 7,
In(1+x) < x
quyidagiga ega bo‘lamiz:

+4a“bj—rk =1In 1+
o-1 b

slln 1+ 4a,b < 43, .
b c-1) o-1

aniglanishi, e >1 va

x> 0 tengsizliklarga ko‘ra

' _ 1 ( brk 4akb
Ty — T ==In|e B —
b e (o —1)

Qochuvchi uchun strategiya. Umumiylikka ziyon
keltirmagan holda y, = (0,0) bo‘lsin. Aytaylik
u;(t), 1=1,2,3, quvuvchilarning ihtiyoriy joiz
boshqaruvlari bo‘Isin. Qochuvchi uchun biz
quyidagi strategiyani taklif gilamiz.

Dastlab gochuvchi Oyo‘q bo‘ylab 7, =0
vagtdan boshlab v(t) =V, (t) = (0,0e™) tezlik bilan
harakatlanadi. Agar a, -yaqginlashish vaqti sodir
bo‘lmasa, ya’ni barcha i=1,2,3 va t>0uchun
| y(t) — x (t) |> a, bo‘lsa, u holda, x;(t)= y(t), t=0
, 1=1,2,3 ekanligi ko‘rinib turibdi, bu esa o‘yinda
a-
yaqinlashish vaqti sodir bo‘lsa, u holda quyidagi
k=1,2,... uchun

gochish  imkoniyatini ko‘rsatadi. Agar

V, (t) = (V,,(t),V,, (t)) manyovrlarni aniglaymiz

|y, (0) ] +ae™,

V() = {_(l U, (1) | +ae” )‘

A 0= e V.

X (7)) > Ya (7 ),
(14)

a, -yaqginlashish vaqti sodir bo‘lsin. U
holda gochuvchining strategiyasi quyidagicha
bo‘ladi:

(i) agar [7,,7') vaqt oralig‘ida r,,sodir
bo‘lsa, u holda [7,,7,,,) da v(t) =V, (t) bo‘ladi,

(i) agar [z,,7',) vagt da ., sodir

bo‘lmasa, [7,,7",) da v(t) =V, (t) bo‘ladi,

(iii) agar [z',,0) vaqt da z,,, sodir bo‘lsa,
u holda [7',,7,,,) da v(t) =V,(t)
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(iv) agar r,,, vaqt hech gachon sodir
bo‘lmasa, u holda [7',,%0) da v(t) =V,(t) bo‘ladi.

Endi 6,(t) va 6,(t) funksiyalarini
aniglaymiz. Biror K>0 uchun
a@t)= MaX e <« = T bo‘lsin. Demak t dan oshib
ketmaydigan 7, larning eng kattasi tgx. So‘ngra
6,(t) = 7', nianiglaymiz. Masalan, agar 7, <t <t
bo‘lsa, K =0 vaagar 7, <t<r, bo‘lsa, K =1.

(i) - (iv) strategiya tavsifiga ko‘ra, biz
ikkita mumkin bo‘lgan holatni o‘rganamiz.

A hol.
rg,...,rk1<r,;1_1) k, ta vyaginlashish vagqtlari
sodir bo‘lsin-u, lekin 7, ,; Yyaginlashish vaqti

Agarty < T, < -+ <1, (12 <74,73 <

[Tk 1,1;{1) vaqt oralig’ida sodir bo‘lmasin. U holda

1

guvuvchilarning guruh hujumi ostida deyiladi va
bu guruh hujum 7 vagtda yakunlanadi.

gochuvchi [Tl,‘[;cl) vaqt oralig‘ida xq,%5, ..., X)

(i) - (iv) holatlarga ko‘ra, [ro,rklr_l
oaraligda gochuvchining strategiyasi quyidagicha
yozilishi mumkin:

Vo(t), 7,<t<t,

V) =V, (1), 7 <t<z, k=1,2,..k -1,
v (O, 7 <t<z

(15).

Birinchi guruh hujumi tugagandan so‘ng
gochuvchi ta’qgibchilarning navbatdagi  guruh
hujumi boshlanguncha v(t) =V, (t) tezlik bilan

harakatlanadi.

A holatda yaqinlashish wvagqtlarini ta’riflaridan
7, <7, va r,,<7', k=1,.,k -1 bo‘di va
bundan quyidagi ifodaga ega bolamiz:

[z, Tkll) = Utgll[fk 1 Tiat) U[Tkl ) Tkll) < U::lzl[fk ') (16)

O‘z-o°‘zidan savollar tug‘iladi: bitta guruh
hujumida bitta ta’qibchining o‘zi bir necha marta
yaginlashishi ~ mumkinmi?  Guruhli  hujumda
yaqinlashishlar soni chekli bo‘ladimi? Biz shuni
aniglaymizki, gochuvchilar strategiyasining (i) -
(iv) tavsifi quyida B holatda ko‘rib chiqiladigan
bitta guruh hujumida cheksiz ko‘p marta
yaginlashish vagtlarining mavjudligi inkor giladi.

B holat. Aytaylik x,x,,x3 quvuvchilarning y
gochuvchiga  nisbatan  cheksizta 74,7, ...

muvaffaqiyatli yaqinlashish vaqtlari sodir bo‘lsin.
Bunda yaginlashish vaqtlari 7, < 7341 < 7Tf, k =
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1,2,... tengsizlikni ganoatlantiradi. U holda
[Tk, Tk41) € [Tk, Tx) bo‘lganligi uchun barcha n >
1 uchun biz quyidagiga egamiz

[T1, ) =URZ1 [Tk Tha1) CURZT [Tk Th)- (17)

Tasdigga ko‘ra,

n-1 o
<Y -m sy
T, —T T, —Tr) =
n 1 k k o—1
k=1 k=1
4a,

=—F——< .
(c-D@A-p)

Bu esa ofsuvchi 1, ketma-ketlikning
chegaralanganligini  bildiradi. Natijada, 7, =
lim 7, mavjud. Shuni ta’kidlash kerakki, B
n—-oo

holatda (17) tenglik ixtiyoriy n>1 uchun o‘rinli va
(17) ifodada n—o limitga o'tsak quyidagi
ifodaga ega bo‘lamiz:

[n,7.) cuiln. ). (18)

Qochuvchining
tavsiflashning (i) bandiga ko‘ra,
intervalda quyidagicha yozish mumkin:

strategiyasini
uni  [7,,7,)

v(t) =V, (), telr,7,1) 7, <

Bundan keyin biz A holatdagi rkl' va B

holatdagi z_ ifodalash uchun 7 dan foydalanamiz.

Boshgacha aytganda, birinchi guruh hujumi A va B
holatlarda ham 7 da tugaydi. Biz (16) , (18) va

p< % dan quyidagiga ega bo‘lamiz7 — 7, < Z(rk, -7,) < Z

k=1

Shuning uchun,

8 _r

<o +—=
o-1

(20)

Birinchi guruh hujumida ixtiyoriy a, -
yaginlashish vagti uchun 7, <7 ga ega bo‘lamiz,
shuning uchun (20) ga ko‘ra 7, <T .

Biz 7, dan 7 bo‘lgan vaqtda birinchi
guruh hujumining o‘ziga xos xususiyatlarini ko‘rib
chigamiz. Shuni ta’kidlash joizki, 7 keyin yana bir
guruh hujumi sodir bo‘lishi mumkin va ikkinchi
guruh hujumini ham xuddi shunday tahlil qilish
mumkin.

Ohirgi  bo‘limdagi  xulosalar  shuni
ko‘rsatadiki, B holat yuzaga kelishi mumkin emas.

Scientific Bulletin. Physical and Mathematical Research Vol 7. Iss 2. 2025



MATHEMATICS

Bundan tashqgari, keyingi kichik bo‘limlarda
gandaydir ta’qibchi bir necha guruhli hujumlarda
gatnasha oladimi, guruhli hujumlar soni chekli
bo‘ladimi kabi savollarga javob beramiz.

Qochuvchi va soxta qochuvchi o‘rtasidagi
masofani baholash
A holatda har ganday pe{1,2,...,k;} vaB

holatda har ganday p musbat butun son uchun X,
guvlovchining 'y gochuvchiga &, -yaginlashish
vaqtini ko‘rib chiqamiz. Biz t>7, vaqt uchun
X, (t) va y(t) orasidagi

baholamogchimiz. Ushbu baholashga erishish
uchun biz harakatini te[r,,z')) oraliqada

guyidagi tenglama bilan tavsiflaydigan soxta
gochuvchini (SQ) kiritamiz:

masofani

2,=w,, 2,(7,) = y(z,),

bu yerda - SQ ning boshgaruv parametri va

y(fp+2)
b Y

b
»
~

y(Tp+1} = 2zp(Tp+1)

y(Tp) 2 -;;?(T.ﬂ)

2-rasm: Qochuvchi va SQ ning trayektoriyalari.

U holda (11) ga ko‘ra quyidagiga ega
bo‘lamiz
12,0 X, O[> =2 (22).

aa ,
5 for T, St<7'.
o

Bundan tashqari (12) ga ko‘ra quyidagi ham o‘rinli

Shuni ta’kidlash kerakki, SQ fagat vaqt
oralig‘ida harakatlanadi. Uning boshlang‘ich holati
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haqiqiy qochuvchining boshlang‘ich holati bilan bir
xil.
A holatda (15) ga ko‘ra qochuvchi, [7,.7,)
p <k, , oralig‘ida quyidagi strategiyadan
foydalanadi

bu yerda
7. <7,y K=p+1,p+2,.,k; (25).
va B holatda (19) ko‘ra qochuvchi oraliqda

quyidagi strategiyadan foydalanadiy(t) =V, (1), te[r,z,), 7, ¢

Biz [z,,7] da z,(t) soxta gochuvchi va
gochuvchi orasidagi masofani baxolash uchun

[r',t)clr,ut) Ukzpﬂlrkﬂ[rk,r'k), 7,4 SU<T,

ifodadan foydalanib quyidagi lemmani keltiramiz.
Bu yerda A holda va B holda .

WA
vaB thf:gm%)AgW qe()‘f\;av%h}) o

tda-(31)21).
stratégiyaldr EAYACD
holda

an foydalansa, u

320a_.e”
|y(t)—zp(t)|go'—r’+i for telz,,z', 1Nz, 7]
P

Lemmaning isbotida ikkita holat borligini
ta’kidlab o‘tamiz: 1) 7' <7 ya'ni te[r,,7' /], va

2) t',>Tyani telr,,7].

Isbot. Agar oraliqda [7,,7",) yaginlashish
vaqti bo‘lmasa, u holda (21) va (24)
v(t)=w,(t)=V,(t), te[r,,7',) dan foydalanib,
y(z,) =12(z,)
yt)=z,(t), r,<t<z', hosil qilamiz. Bu hol
uchun (28) to‘g‘ri ekan.

hosil  gilamiz, bundan esa

Endi [z,,7",) oraliqda bir yoki bir necha

marta yaqginlashish 7 T sodir bo‘lsin. 6-

p+ly “p+2oer
rasmda gochuvchining trayektoriyasi yoylari aniq
manyovrlarga mos keladi. Biz (21) va (24) larga

ko‘ra  V(t)=w,(t) =V, (1)
te[r,,7,,) oraligda y(t)=z,(t) ekanligidan (28)

bo‘lganligi  uchun

tengsizlik o‘rinli bo‘ladi.
2,,(") =X, (7",) >a,. (23)
Biz te frp+1,rp,) uchun quyidagiga ega

bo‘lamiz:
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Tp+l t Tpsl t

ly(t)-z,(t) |=|y(z,) + j V,(s)ds + Iv(s)ds—z(rp)— j V,(s)ds - j V,(s)ds

p L p Tp+l

[ (v(s)-V, (9))ds

Tp+l

bz
= 270(ebl _eb7p+1)£ 20e " (eb(t”pﬂ) _1) (29)

b b
Bu yerda
V() =V, () IS V($) | +]V, (5) |< 20€™
tengsizlikdan  foydalanildi. Shartga  ko‘ra

Tou <t< Z"p, t<7, (27) o‘rinli va shuning

uchun biz Tasdiq va ﬂgl ko‘ra quyidagiga
2

egamiz
8a, (30)

. 4a, _ 4a,., 11
2 i-u)s zf—kl_(a—l)zl—ﬁ)gail‘

k>p+1, ) <t k>p+1

t-7,,<

Natijada (36), (37) va 71, <T<T lardan

foydalansak quyidagini hosil gilamiz:

8ap+lb

ly(t) -2, (1) < 2(7bebT [e“-l —1}

U holda quyidagi e*-1<2x, 0<x<1,

X = %tengsizliklardan foydalanib
o-1
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bT
aap 320e”" Ba, _aa
20 40’

o—1

< j IV(s) -V, (s) | ds < j b€l T Tp] N [1, 7]

Tp+l

Tp+l

U holda
aap
y(®) =2, (0] > 7 2 fay = apas,

(33)

Bu bilan agar 7, =7 bo‘lsa, (31) o‘rinli ekan.
T, <T bo‘lgan holda (43) tengsizlik (31)
tengsizlikning [‘L’p,T{,] kesmada o‘rinli ekanligini
bildiradi. Demak, agar 7, <7 bo‘lsa, T, <t <T
uchun (31) tengsizlikni isbotlash kifoya.

t e [Tp,‘[z’,] N [Tp,‘L_'].

(23) ga ko‘ra sz(rz’,)—xpz(ri,) >a,
tengsizlik va (28) ga ko‘ra |y(r£,) —Zp(Tz’,)l <

320ebT

tengsizliklarning o‘rinli  ekanligi

a
o-1 P+l
hamda a va 8 larning ta’riflariga ko‘ra quyidagiga
egamiz:

Ya(tp) = xpz = (ZpZ(Tsz) - po(TIID))
+ (3’2 () - ZpZ(Té))

) ) 320ebT
= ap — |3’(Tp) _Zp(Tp)l > ap — o—1 apP

(34)

1
>§Clp.

25" [ Fot’ 20e" 16a b 320a_e” o
ly(®)-z,(®) < {e o1 _1|< P = O_iiL >1j, uchun (34) tengsizlik va wuy,(s) < ebs

b
hosil gilamiz. Lemma isbotlandi.

b o-1

Quvuvchi va gochuvchi orasidagi masofani
baholash. Endi x,, quvuvchi va y gochuvchi
orasidagi masofani baholaymiz.

Lemma 4. Qochuvchi A holda (24) va B
holda (26) strategiyani qo‘llasin. U holda

ly(©) —x,(D)| > apyr, T, SE<T (31)
va agar t, < 7 bo‘lsa, u holda
V2(t) = xpp(t) > apyq, 2T (32)

Isbot. (31) ni isbotlash uchun biz (22) va
(28) tengsizliklarning [z, 7,] N [7,, 7] da to‘gri
ekanligini hisobga olib quyidagiga ega bo‘lamiz

[y () — 2, (0] = |2, (8) — 2, ()] = |2, () — y(©)]
aa, 320e"Ta,,q
20

o—1

tengsizlikdan foydalansak, quyidagi tengsizlik hosil
bo‘ladi:

t
720 = 220 = 12 (1h) = % (1) + [ wals) s

p

t
—f Up,(s) ds
g
1 ‘ d Lo bt by, 35
> ap + ’vz(s) S—E(e — ePp). (35)
Tp
A. Barcha t>=0 wuchun v,(t)>0

bo‘lganligi sababli, frt, v,(s) ds = 0. Shuningdek,
p
(27) va yuqorida keltirilgan tasdiqga ko‘ra

4ak

t—1p < (tp, — ) < p—
k2p+1,T <t k2p+1,T<t
[ee]

4 8a
p+1
a, < .(36
o—1 k=6-1 (36)

k=p+1

<
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Shunday qilib (35) va (36) tengsizliklardan
quyidagiga egamiz:

1 8a 1 aa
p+1 p
y2(t) —xpz(t)1> Eap i > Eap ~ 85
> 1% > Apyq, Ty St <T. (37)

Xulosa gilib aytsak, agar x,, quvuvchi uchun 7, >
7 bo‘lsa, u holda (31) dan

|y(t) - xp(t)| > Ap+1,

T, <t<T, (38)

va agar 1, <7 bo‘lsa, u holda (31) va (37)
tengsizliklarni birlashtirib biz (38) tengsizlikni
hosil gilamiz. Shuning uchun (38) tengsizlik A va
B holarda bir guruh hujumida har bir x,, quvuvchi
uchun o‘rinli ekan.

(38) tengsizlikdan asosiy xulosa shundan
iboratki, k = p + 1 bo‘lganda x,, quvuvchi uchun
T, <t < T vaqt oralig'ida 7) yaginlashish vagti
mavjud. Shunday qilib, bir guruh hujumidagi har
bir x,, quvuvchi uchun 7, < t < 7 vaqt oralig‘ida
fagat bitta 7,, yaginlashish vagti mavjud. Natijada,
guruh hujumidagi barcha quvuvchilar bir-biridan
farg qgiladi. Bundan tashgari guruh hujumidagi
quvuvchilar soni <m bo‘ladi, chunki guruh
hujumida eng ko‘pi bilan m ta yaginlashish vaqti
mavjud. Shuning uchun B holati rad etiladi.
Birinchi  guruh  hujumi  k; <m  bo‘lgan
X1,X2,..., X, quvuvchilar bilan cheklangan sondan
iborat. Demak, fagat A holatini ko‘rib chigamiz,
bunda T = 7}, va guruh hujumi ;. da tugaydi.

B. Endi t =), uchun (32) tengsizlikni
isbotlashga harakat gilamiz, 7, < tj, deb faraz
gilamiz. Bu tengsizlik p = kq (ya’ni x;, quvuvchi
uchun) holatida aniq bajariladi. Endi t > 1},
bo‘lganda (35) ning o‘ng tomonini baholaymiz.
Agar [T,’Cl,t) vaqt oraligiida bir nechta guruh
hujumlari sodir bo‘lsa, qochuvchining (i)-(iv)
strategiyasiga ko‘ra guruh hujumlari orasida va ular
tugagandan so‘ng v(t) = V, tezligini saglab turadi.

W Vo Vi
——0 : o gl

To T T;’ Ti—., The

3-Rasm . Qochuvchi

li 14 ! H
[Tl,‘tkl), [Tk1+1, Tkz), [Tk2+1, Tks) intervallarda
guruh hujumlari ostida.
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! ! !
_ 3-rasm('ia[rl,rk1), [Tk_lﬂ,rk.z), [‘L’k2+1,‘[k3)
vaqt intervallarida 3 guruh hujumlari bor.

Biz (35) dagi th, v,(s)ds integralni
14

[tp,t]=1ujIn]=0 dan foydalanib
baholaymiz, bu yerda I - [t t] oraligning
qgochuvchi guruh hujumi ostida bo‘lgan qismi, J da
esa qochuvchi v(t) =V, tezlik bilan harakatlanadi.
Har bir t' €1 vaqt nugtasi [ty 7] k=p+1
oraligga tegishli, shu sababli I CUysp4q [Tk, Tk ]

Binobarin,  yuqorida  keltirilgan  tasdigdan
foydalanib, I ning uzunligini |I| quyidagicha
baholanadi :
s Y @ota= Yy
< T — Tg) = p—
k=2p+1,T <t kzp+1,Tgst
4 8ay41
< < .
To—-1 ak_cr—l (39
k=1
Barcha t el wuchun wv,(t) >0 ligi uchun,

J,v2(s)ds = 0. Bundan va (39) dan foydalanib
quyidagiga egamiz:

t
fvz(s) ds=f vy(s)ds
T 1UJ
= fvz(s) ds + faebs ds
I J

> faebs ds
]

ebt — obtp
=f aeb5d520<——|1|>
[p e b

!
ebt — eb‘rp 8ap+1
=0 — .
b c—1

Shuning uchun (35) dan agar 7, < 7}, bo‘lsa, u
holda har ganday t =7, uchun quyidagi
tengsizlik o‘rinli:

1 8o
Y2 () — xp2(8) > 50— 7+

+ (o0 —1)(e - ebT;’)

8o 1 £ 1
Aps1 > 5y —5=0p > =0y

1
>_g —
=% 2 80 4

g—1
> Apy1-

Vi
et T o .t. *" Buesat > T vaqt uchun (32) tengsizlikning to‘g‘ri

ekanligini bildiradi. Lemmaning isboti yakunlandi.

Endi, biz Teoremani ishotlaymiz.
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Isbot. Birinchi guruh hujumidagi  x,
quvuvchi  uchun 7, <7 bo‘lsin.  Hech
bo‘lmaganda p = k; bo‘lganda bu shart bajariladi.
(1) dagi k = p bo‘lgan tengsizliklar, (31) va (32)
ga ko‘ra, barcha t >0 vagtlar uchun |y(t) -
Xp (t)| > a,yq bo‘ladi. Demak, x, quvuvchi
ikkinchi guruh hujumlaridan boshlab keyingi guruh
hujumlarida ishtirok etmaydi, chunki y,(t) —
Xp2(t) > apy1 = g 41,t 2 T) tengsizlik ofrinli
bo‘ladi.

Xuddi shu tarzda agar tj, ., Vvaqt sodir
bo‘lsa, gochuvchi [‘L‘k 1+1,T;CZ] vaqt oralig‘ida
ikkinchi guruh hujumi ostida bo‘ladi, bu yerda
k, = k, + 1. Shunday qilib, barcha t = 0 va biror
q€{k,+1,..,ky} uchun |y(t) — xq(t)| > ag41
bo‘ladi, ya’ni x, quvuvchi uchinchi guruh
hujumlaridan boshlab keying hujumlarda ishtirok
etmaydi, chunki V2(t) = x42(t) > agyq =
ay,+1,t = T4 tengsizlik o‘rinli bo‘ladi va hokazo.

Shunday qilib, dastlabki xq, x5, ..., X,
quvuvchilarini o‘z ichiga olgan guruh hujumidan
so‘ng, biz kamida bitta quvuvchini (masalan, x; )
e’tiborsiz qoldirishimiz mumkin. Xuddi shunday

V.Xulosa.

Biz bitta gochuvchi 3 ta quvuvchidan iborat
gochish differensial o‘yinini o‘rgandik. Bu
differensial o‘yinda quvuvchilar va qochuvchining

boshgaruvlari Gronuoll chegaralanishlarga
bo‘ysunadi. Biz qochuvchi uchun qochish
strategiyasini qurdik.

Taklif  etilgan  strategiyaning  asosiy
ahamiyati shundaki, guruh hujumida ishtirok
etayotgan har bir quvuvchi fagat bir marta

yaginlashish vaqtiga erisha oladi. Shu sababli,
birinchi guruh hujumi ko‘pi bilan 3 ta yaginlashish
vagtini, ikkinchisi 2 ta yaginlashish vaqgtni va
uchinchisi 1 ta yaqginlashish vaqtini sodir giladi.
Biz yaginlashish vagtlarining umumiy soni 3 + 2 +
1 = 6 dan oshmasligini ko‘rsatdik. Taklif gilingan
strategiya orqali qochuvchi eng ko‘pi bilan 6
manyovr go‘llab, gochishni ta’minlashi
mumkinligini isbotladik.

Adabiyotlar

[1] Alias I. A., Ibragimov G., Rakhmanov A.
(2016). Evasion Differential Game of Infinitely
Many Evaders from Infinitely Many Pursuers in
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ikkinchi guruh hujumidan (quvuvchilar
Xy +1) Xk +2 =+» Xk,) S0‘ng, biz bu guruhdan yana
kamida bitta quvuvchini (masalan, x;,) hisobga
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Mathematical models of immunition diffusion in a semi-conductor and

their role in electronic technology.
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Abstract: The work analyzes various methods for solving problems related to impurity distribution in
a semiconductor after diffusion, corresponding to the chosen mechanism and accepted boundary conditions.
Possible ways to use the considered methods for calculating impurity distribution in the creation of
instrumental structures and IMC under certain technological conditions are presented.

Keywords: semiconductor, mathematical models of diffusion, Fik’s differential equations, IMC

(integral microcircuits).

AHHOTauus: B pa60Te npoaHann3opaBaHbl pa3rinyHbie cnocobbl peweHna 3anad, OTHOCALUMXCA K

pacnpefeneHnto npumecen B NOMynpoBogHuKe nocne anddysuu,

COOTBETCTBYIOLLUME BbIGPAHHOMY

MEXaHW3My W MPUHATBIM TPaHUYHBLIM YycnoBusaM. [MpeacTaBrneHbl BO3MOXHbIE MYTM MO WCMONb30BAHMIO
paccMOTPEHHbIX METOA0B pacyeTa pacnpegeneHvs npumecen B cosgaHnm npnbopHelx cTpyktyp n UMC npwm

onpeaeneHHbIX TEXHOJIOMMYEeCKbIX YCITOBUAX

KnrouyeBble cnoBa: nonynpoBOAHUK, MaTematudeckue mogenu anddysun, anddepeHumnanbHble

ypaBHeHust Puka, IMC (MHTerpanbHbIX MUKPOCXEM).

High-temperature or low-temperature
diffusion of wvarious impurities, including
doping impurities, into the volume of a
semiconductor is a traditionally developed
method for stimulating their electrical
conductivity, forming regions of opposite types
of conductivity, i.e., electron-hole contacts or
even nano-sized volumetric structures [1-2]. To
achieve reproducibility of the parameters of the
corresponding layers of a semiconductor and,
consequently, electronic devices and integrated
circuits (IMC), numerous experiments are
required, accompanied by inevitable losses of
expensive material, energy, etc. An alternative
method for selecting optimal technological
modes of thermal diffusion of impurities is the
preliminary calculation of impurity distribution
after thermal diffusion. For performing
numerical calculations, it is advisable to derive
corresponding equations and their approximate
solutions that describe technological processes,
taking into account their physical mechanisms
and boundary conditions, to which this work is
devoted.

For the mathematical description of
diffusion processes, Fick's two differential
equations are traditionally used. The first
equation is written in the form [3-4]:

J=-Dgrad N @

where J - is the density of the diffusing
substance flow, i.e., the amount of substance
passing through a unit surface area
perpendicular to the direction of substance

transfer per unit time; N - impurity atom
concentration; D - diffusion coefficient.

The physical meaning of equation (1) is
that the primary cause of diffusion mass transfer
of a substance is its concentration gradient. The
transfer rate is proportional to the concentration
gradient, and the diffusion coefficient is
introduced as the proportionality coefficient.
The minus sign on the right side (1) indicates
that diffusion occurs in the direction of
decreasing concentration. In other words,
diffusion proceeds in the direction of the system
reaching physicochemical equilibrium. The
process will continue until the chemical
potentials of the components of the entire
system become equal. Equation (1) describes a
stationary process, the parameters of which do
not depend on time.

The diffusion coefficient determines the
density of the substance flow at a single
concentration gradient and is a measure of the
rate of concentration gradient equalization. In
general, the diffusion is anisotropic, and the
diffusion coefficient is a second-rank symmetric
tensor.

According to microscopic definition, the
Dx component of the diffusion coefficient D
along the x-coordinate is related to the root-
mean-square displacement of the diffusing

atoms along the Ax? coordinate and the time
interval At during which this displacement
occurred:
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D, =Ax?/ At

When the concentration of a substance
changes only in one direction and diffusion
occurs in an isotropic medium, the first Fick
equation has the following form:

AN
J=-DZ ©)

In the simplest models of doping
processes in the technology of manufacturing
semiconductor devices and IMC, such diffusion
conditions are assumed.

The second equation of diffusion is
obtained by combining the first law and the
principle of conservation of matter, according to
which the change in the concentration of a
substance in a given volume must be equal to
the difference in the flows of this substance at
the inlet and outlet of the volume. In general,
the second diffusion equation has the form:

% = grad(D - gradN) (3)

For one-dimensional diffusion in an
isotropic medium, equation (3) can be written

as.
DéN) @

dV__é(
&

a &
Fick's second law characterizes the
process of changing the concentration of
diffusing impurities over time at different points

of the medium and is a mathematical model of
the system's non-stationary state.

When the diffusion coefficient D is
constant, equation (4) simplifies:

N N
=D 5

a x
The assumption of constant diffusion

coefficient is valid in a large number of cases
analyzed in IMC technology.

()

Diffusion
phenomenological,

equations  are
i.e., they

purely
contain  no
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information about the mechanisms of diffusion -
about the diffusion process at the atomic level.
Equations (1) - (5) do not contain information
about the charge state of the diffusing particles.

Diffusion processes used to manufacture
IMC are usually analyzed using partial solutions
of equation (5) because, unlike (2), it contains
an important parameter - the time it takes to
establish some analyzed state of the system.
The main goal of solving the equation is to find
the distribution of impurity N(xt) in the
semiconductor after diffusion for a certain time t
under various conditions for the implementation
of the process.

The general solution of equation (5) for
an infinite solid body with a given initial
distribution of impurities N(x,0) = f(x) can be
found by the method of separating variables. It

has the form:
_ 1 (E-%)?
Nuxy_zﬁiﬁlgf@ymp a5

, (6)
where & is the current integration coordinate.

An infinite in a one-dimensional
representation is a body extending from x = 0 to
X = - oo and to x = + oo. When searching for the
distribution of impurity concentration in a
semiconductor, it is necessary to solve equation
(5) for a semicontinuous solid. In a one-
dimensional representation, a body extending
from x = 0 to x = + o is called semi-infinite.
For this case, the expression (6) takes the form:

exp_— (E=X)° +
[ e . 4Dt |
H=—— [ f d
NeO=o == [Ty L
oxg] — €40
| 4Dt |
™

The plus sign in expression (7) refers to
the case when the boundary of a solid body (x =
0) is impermeable to the diffusing substance
located in the region x > 0, and the minus sign
refers to the case when the concentration of the

Scientific Bulletin. Physical and Mathematical Research Vol 7. Iss 2. 2025



MATHEMATICS

diffusing substance located in the region x > 0
at any time on the boundary of a solid body is
equal to zero.

The indicated solutions allow us to find
the distribution of impurities in a solid body
under any initial conditions. Solving a specific
problem  reduces to  substituting the
corresponding initial conditions into (6) or (7)
with subsequent very cumbersome
transformations.

There are various ways to solve
equations that take into account the
corresponding mechanisms and allow for
numerical calculations. It is advisable to analyze

the most common of them.

Let's consider the distribution of
impurities during diffusion from a semi-infinite
space. The diffusing impurity enters a semi-
infinite body through the x = 0 plane from the
second semi-infinite body with uniform
impurity distribution. The concentration of
impurity in the source is No. It is assumed that
there is no considered impurity in the material
volume.  The initial  distribution  of
concentrations for this case is given as

N(x,0) = No mms x<O0
N(x,0)0=0 mma x>0

By solving equation (5) for this case, we
can obtain the expression:

N 9 2P [ xzj( x)
Nt =—2{1-— [ exp|-*—|d
(=7 &{ P\ "ape ) \2De

(8)

The second term in square brackets is
called the Gaussian error integral or, in other
words, the error function and is abbreviated as
erf (z). According to the abbreviation, this
distribution is called the erf distribution.

erfz = %:[exp(—f )dy 9)

In mathematics, it is often used as an
independent and other function.

41
erfc (z) = 1-erf (2), (10)

which is called the addition of the error function
to one or the additional error function.

Thus, expression (8) can be written as:

N X N X
N(x,t)=—2|1- sz o erf (11)
(x:1) 2( )~ 2 s un

The  quantity has a  length

/Dt dimension and is called the diffusion
length or diffusion length.

The considered solution can be used as
the simplest model representing the distribution
of impurities in the autoepitaxial structure. In
this case, both the substrate and the epitaxial
layer act as independent sources of impurities.
In this case, the diffusion processes from each
side are considered independent of each other,
and the real distribution of impurities at the
interface represents the sum of individual
solutions.

Let's consider the distribution of
impurities during diffusion from a constant
source into a semi-infinite body. The diffuser
enters the semi-infinite body through the x = 0
plane from a source that ensures a constant
concentration of impurity No on the solid body-
source interface for any time. Such a source is
called an infinite or an infinite power source. In
this case, it is considered that there is no
impurity in the material of the body under
consideration. The initial distribution of
concentrations and boundary conditions for this
case are given in the form

N(X,t) = No mms x=0
N(x,00=0 mma x>0

The solution of equation (11) for these
conditions is the expression:

X
N(x,t)=N  erfc (12)

2N Dt

If in the volume of a semiconductor
material before diffusion there was an impurity
of the opposite type to the diffusing one, this
impurity was evenly distributed throughout the
volume and its concentration was equal to N,
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then in this case, an electron-hole junction is
formed in the semiconductor. Its position (depth
of occurrence) x; is determined by the condition
N(x,t)=Np, from which

N— =erfc N r (13)
and
x; =2+Dt -erfc‘l(%j (14)

o

here, the notation erfc! denotes the argument z
of the function erfc.

When solving practical problems related
to the analysis of diffusion processes, it is
necessary to know the amount of impurity Q
accumulated in the solid during diffusion over
time t. This value is determined by the formula:

Q= jJ(O,t)dt (15)

where J (0,t) is the diffusion flux of impurities
into the volume through the x=0 plane

42

A solid body can be considered semi-
finite (or infinite) if its dimensions in the
direction of diffusant motion are much greater
than the diffusion length.

Let's consider the distribution of
impurities during diffusion from a finite
thickness layer into a semi-infinite body with a
reflecting boundary. The diffusing impurity
enters the semi-infinite body from a source,
which is a layer of thickness h adjacent to the
body's boundary, in which the impurity is
evenly distributed. Such a source is called a
limited source, and the impurity concentration
in it is No. In this case, it is assumed that there is
no impurity in the material under consideration.

At a boundary absolutely impermeable
to the diffuser, the impurity flux through the
surface x = 0 must become zero for all t >0

éN(x,t)
o

(18)

The initial distribution of concentrations
for the case under consideration is given as

N DN, x Y 5 N(X0)=No mm0<x<h
JOt)=—D— = exp| ——— =N,,[—
Klo Dt 2Jbt) | 7  NXx0)=0 mi x>h
(16) The boundary condition, determined by
from here condition (18), is the constant amount of

! D Dt
— (N, [Pdr=2n, |2t
© J; Nt N7«

Attention should be drawn to the fact
that the value of impurities accumulated in the
diffusion layer during diffusion with these
boundary conditions increases over time.

(17)

This model of the diffusion process with
a constant source describes the process of
diffusion doping of a semiconductor material
from a gas or vapor phase. This process is used
to create highly doped diffusion layers with
surface concentrations No, close to the values of
the impurity's maximum solubility in a given
semiconductor material.

impurity in the source and semiconductor

IN(x,t)dx =

To implement this type of initial
distribution, the diffusing impurity must be
introduced into the semiconductor before
diffusion begins.

The solution of equation (11) in this case is the
expression

N(x,t)= N,

(erfc +erfc htx )
27Dt 27Dt

(19)
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Unlike diffusion from a constant source,
diffusion from a finite thickness layer limits the
amount of diffusing impurities to the value
Q=Noh. During diffusion, only its redistribution
occurs, and consequently, the concentration of
impurities on the solid surface decreases over
time.

An example of impurity diffusion from a
finite thickness layer into a semi-infinite body
with a reflecting boundary is diffusion into a
silicon plate from an epitaxial, implanted, or
diffusion layer and coated with a layer of silicon
dioxide SiO2 or silicon nitride SisNs. The
boundary between the plate and the film can be
assumed to be reflective with a high degree of
truth, since the diffusion coefficients of most
impurities in silicon are several orders of
magnitude greater than in silicon dioxide and
nitride. However, the uniform distribution of
impurity in the source, especially when it is
created by diffusion or implantation, is a rather
crude and forced approximation.

Let us consider the distribution of
impurities during diffusion from an infinitely
thin layer into a semi-infinite body with a
reflecting boundary. The solution of the
diffusion equation under these conditions is
found from the previous one for 2 — 0 and the

condition that the number of diffusing
impurities in the source Q=N;h.
2
X
N(x,t): 0 exp[——j (20)
Dt 4Dt

The given expression
Gaussian distribution.

represents a

During diffusion, the thin layer on the
surface of the semiconductor plate is quickly
depleted, and a constant decrease in the surface
concentration of impurities in the semiconductor
is observed. This feature of this process is used
in  semiconductor technology to obtain
controlled values of low surface concentration
of impurities, for example, to create base
regions of silicon transistor structures of
discrete devices or IMC.

In the first stage of the process, short-
term low-temperature diffusion is carried out

43

from a constant source, after which the
distribution of impurities is described by
expression (8). The value of No is large and is
mainly determined by the solubility limit of this
impurity in the semiconductor. This stage is
often called distilling. After the completion of
the first stage, the plates are placed in another
furnace for further diffusion, usually at higher
temperatures. Thus, the thin layer obtained in
the first stage is the source of the redistributed
impurity during the second stage of the process.
To create a reflective boundary, the second
stage, called distillation, is carried out in an
oxidizing atmosphere, where a layer of SiO;
grows on the surface.

In practice, a noticeable discrepancy is
observed between the distribution of impurities
in the source formed during distillation and the
distribution derived from expressions (19) and
(20) - stepwise. The discrepancy should be
reflected in the accuracy of the description of
the real distribution of impurities after the
second stage of diffusion by expression (20).

When modeling two-stage diffusion and
analyzing the process results, it is assumed that
the expression (20) sufficiently accurately
corresponds to the real one, provided that the
value of the Dit: product for the first stage of
the doping process is significantly less than Dot
for the second, i.e., (Dat2 / D1t1) > 100. This is
the condition for the rapid depletion of the
source. In this case, considering that the amount
of impurity accumulated at the first stage is
determined by the ratio

D
szNo,/—ltl
T

from (20) we obtain:

2
N(x,t) = 2& Dy exp(— ol j (21)
7w \|Dyt, 4D.t,

If the duration of the second stage is not
very long compared to the first, or in other
words, Doto << Dait1, the assumption that the
diffusion layer formed as a result of distillation
will behave as a thin source is incorrect. In this
case, the solution of the diffusion equation will
look like this.
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N( t,,t )—N 200ex (—m2)-erf(a-m)dm
ol )= 0;% p

(22)
where

Dit; u b X

D,t, 2/Dt, +D,t,

The surface concentration of impurities after the
second stage of diffusion under given conditions
is expressed by the ratio

a=

2 Dt
N, = N, arctg |[—-L (23)
/4 D,t,

The expression (19) is used to represent
the distribution under the condition that D1ty
>Datp, namely - (Dat2 /Datr) < 0,06. At the same

time, it is believed that &= /Dyt .

Thus, various methods for solving
impurity  distribution ~ problems in a
semiconductor after diffusion, corresponding to
the chosen mechanism and boundary conditions,
were analyzed. To obtain the quantitative
distribution of impurities, appropriate computer
calculations are required using equations (8),
(11), (12), (19) or (20) - (23) with the
introduction of physical parameters of the
material and parameters of the selected
technological modes. Possible ways to use the
considered methods for calculating impurity
distribution in the creation of instrumental
structures and IMC under certain technological
conditions are shown.
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AHHoOTauun

B paHHol pabote uccnegoBaH metop >kupgkodasHon akcdonuauum (Liquid-Phase Exfoliation, LPE) gns
nonyyeHus gucnepcun rpadeHa u3 rpadwurta. Ona gucneprnpoBaHus rpacmrta mcnonb3oBancs pacTBop
kapbokcumetmnuennonossl  (KML), npu 3TOM nNpUMEHANOCb BbICOKOCABUIOBOE NepeMeLunBaHune.
MonyyeHHble 06pasubl GbINMM NpoaHanM3upoBaHbl C MCMOMb30BaHWEM cnekTpockonum Pamana n UV
cnekTpockonuu. Pesynbtatel UV aHanusa nokasanu Hanuuve MakcMmyma norfolleHus B ananasoHe ~270—
280 HM, 4YTO COOTBETCTBYET 3MNEKTPOHHBbIM Mepexogam TT—TT* U noaTBepxgaer obpasoBaHue Aucnepcun
rpadeHa. Cnektpbl PamaHa ¢ Hanudmem nukos D, G n 2D nogTteepannm dopMmpoBaHne CTPYKTYpbI rpadeHa,
a TaKkKke ykasanu Ha yBenuuyeHuwe konuyectBa JdedeKkToB B npouecce akconuaumm. [MpoBegéHHble
uccrnegoBaHns noaTeepamnu, 4to metog LPE siBnsieTcst npocTbiM, 9KOHOMUYHBIM M 3KOJNOrnyYecky 6e3onacHbiM
CcnocoboM NpUroToBNEHUS aucnepcui rpadeHa.

KnroueBble cnoBa: rpadeH, rpadut, xungkodasHaa akcdonuauus, BbICOKOCABMIOBOE NepemellvBaHue,
kapbokcumetunuennonosa (KML]), pamaHoBckas CNEKTPOCKOMNWSA, CTPYKTYpPHbIE CBOWCTBa, ONTUYECKMEe
CBOWMCTBA, 3KOHOMUYECKN 3PDEKTUBHBIA CUHTES.

Abstract

This study investigates the liquid-phase exfoliation (LPE) method for producing graphene dispersions from
graphite. Carboxymethylcellulose (CMC) solution was used to facilitate graphite dispersion, and high-shear
mixing was applied. The obtained samples were analyzed using Raman and UV-Vis spectroscopy. UV-Vis
results revealed a maximum absorption peak in the ~270-280nm range, confirming T—m* electronic
transitions and the formation of graphene dispersions. Raman spectra, with the presence of D, G, and 2D
peaks, confirmed the formation of a graphene structure and indicated an increase in defects during the
exfoliation process. The results demonstrate that LPE provides a simple, cost-effective, and environmentally
friendly approach for preparing graphene dispersions.

Keywords: Graphene, Graphite, Liquid-Phase Exfoliation, High-Shear Mixing, Carboxymethylcellulose (CMC),
Raman Spectroscopy, Structural Properties, Optical Properties, Cost-Effective Synthesis

L. Introduction. fields, including flexible electronics [5],

Graphene is a  two-dimensional
nanomaterial composed of carbon atoms arranged
in a single layer of sp>-hybridized atoms forming
a honeycomb lattice. Since its first experimental
isolation in 2004, graphene has been recognized
as one of the most promising materials in the field
of materials science [1,2]. Its unique
physicochemical  properties—including  an
exceptionally high electron mobility of 2.5 x10"5
cm? Vs, outstanding thermal conductivity of
3000 W-m/K, remarkable mechanical strength
with a Young’s modulus of 1 TPa, optical
transparency of 97.4%, and a theoretically large
surface area of ~2600 m?/g—make it a key
material for modern technologies [3,4].

Such  multifunctional properties of
graphene have spurred extensive research into its
potential applications in a wide range of advanced

supercapacitors and batteries [6,7], transparent
electrodes [8,9], highly sensitive sensors,
structural  nanocomposites [10,11], water
purification systems, and biomedical devices
[12,13]. Consequently, scientific and industrial
communities worldwide have launched large-
scale initiatives to accelerate the
commercialization of graphene-based products.
The European Union’s “Graphene Flagship”
project is a notable example.

Nevertheless, the  large-scale  industrial
implementation of graphene still faces several
challenges. Chief among these is the lack of cost-
effective, environmentally friendly, and scalable
production technologies. Traditional “bottom-up”
approaches (such as chemical vapor deposition)
enable the synthesis of high-quality graphene but
are costly, complex, and equipment-intensive.
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In contrast, “top-down” approaches—
based on exfoliating graphene layers from
graphite—stand out for their simplicity,
affordability, and scalability. Therefore, this
article explores the scientific foundations of
contemporary top-down graphene production
techniques, their advantages and limitations, and
their industrial prospects through experimental
studies and analytical assessments.

I1. Materials and methods.

The existing technologies for graphene
production are generally divided into two main
approaches: top-down and bottom-up. Both
approaches allow the fabrication of materials
suitable for different applications while
preserving the physicochemical properties of
graphene; however, they differ in technological
methodology, complexity, and cost-effectiveness.
The bottom-up synthesis methods of graphene are
based on constructing graphene molecules from
constituent  compounds, namely  carbon
precursors. In this approach, graphene is formed
through chemical reactions of carbon sources.
The principal advantage of bottom-up methods
lies in their precise control over structure and the
number of layers, which enables the production
of high-quality graphene with minimal defects.
The most widely used bottom-up methods
include: Chemical Vapor Deposition (CVD),
thermal pyrolysis, epitaxial growth, laser-assisted
synthesis, and organic synthesis [14].

Among them, the CVD (Chemical Vapor
Deposition) method is the most prominent
bottom-up technique. In this process, various
carbon-containing gases (e.g., CH[l, CIJHIJ)
decompose on metal substrates (e.g., Ni, Cu),
forming graphene layers. CVD technology
enables the production of high-quality single-
layer graphene (SLG) or few-layer graphene
(FLG) [15]. However, the process requires high
temperatures, vacuum systems, and sophisticated
equipment, making it economically costly.

The epitaxial growth method involves
producing graphene layers on SiC substrates at
high temperatures. Although this method allows
the synthesis of high-quality graphene, it is
expensive and technologically demanding on an
industrial scale.
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Thermal pyrolysis entails heating various carbon
polymers or organic compounds to generate

graphene. While this method allows the
production of functionalized graphene at
relatively low temperatures, the resulting

structures often contain numerous defects.
In the laser-assisted synthesis process, laser
irradiation is applied to graphene oxide (GO) or

polymers, enabling the rapid formation of
graphene. This method is simple,
environmentally benign, and allows the

fabrication of graphene with specific shapes and
structures. In particular, porous graphene
produced by laser techniques is highly
advantageous in applications requiring a large
surface area, such as supercapacitors and
catalysis.

Finally, organic synthesis constructs
graphene structures through molecular assembly
from small molecules. This technique enables the
production of nanographene or graphene
quantum dots (GQDs) with high precision and
controlled edge structures. However, due to its
multi-step and expensive nature, this method is
unsuitable for large-scale production.

In general, although the bottom-up
approach allows the production of high-quality
graphene, these methods are complex, expensive,
and time-consuming for large-scale
manufacturing.

The top-down approach, by contrast, is based
on exfoliating graphene from multilayer carbon
materials such as graphite and is currently one of
the most widely used methods at the industrial
scale. These methods aim to obtain single- or few-
layer graphene through exfoliation and reduction
of the multilayer graphite structure by
mechanical, chemical, or electrochemical
processes. The important advantages of top-down
methods include their simplicity, low cost, and
suitability for large-scale production. The
following main methods are widely used in top-
down synthesis.

Mechanical exfoliation. In this method,
micrometer-sized graphene layers are separated
from graphite crystals using ordinary adhesive
tape (Scotch tape). This method was first
employed by Novoselov and Geim in 2004,
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which led to their Nobel Prize [1]. Although this
method allows obtaining very high-quality
monolayer graphene, it is considered impractical
for practical applications due to its limited
production scale. Liquid-phase exfoliation (LPE).
In the LPE method, the interlayer distance of
graphite is expanded with the help of chemical
substances, and then the layers are separated by
ultrasonication, high-speed stirring, or rapid
heating. As a result, few-layer or even monolayer
graphene can be obtained. This method is
convenient for industry; however, the resulting
graphene particles are wusually small and
structurally defective.

Electrochemical exfoliation. In this method,
graphite is used as an electrode, and ions are
inserted into the graphite layers with the help of
electric potential. As the ions generate gas and
expand inside the graphite, the layers separate
from each other. Although this method is
environmentally friendly, fast, and simple, there
are problems in controlling graphene quality.
Oxidation—Reduction. This is the most common
top-down method. The process begins with
converting graphite into graphite oxide using
strong oxidizing agents. Then, through
sonication, graphite oxide is transformed into
graphene oxide (GO), and finally, GO is reduced
with reducing agents to form reduced graphene
oxide (rGO). Although rGO has electrical
conductivity, it may still contain residual oxygen
groups and defects in its structure. This method is
inexpensive and suitable for mass production but
1s not perfect in terms of quality.

The general disadvantages of top-down
methods are the defective structure of graphene,
the difficulty of precise control over the number
of layers, and the presence of environmental risks
in some techniques. Nevertheless, this approach
is currently considered one of the most promising
and widely used methods for large-scale
production. Therefore, although top-down
methods are more often chosen in practice,
bottom-up methods are advantageous in areas
where high-quality graphene is scientifically
required.

LPE (Liquid Phase Exfoliation) includes
several approaches that directly utilize a liquid
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medium to exfoliate synthetic or natural graphite
into monolayer or few-layer graphene. Since the
first report in 2008 by Coleman and colleagues on
exfoliating graphite using sonication, multiple
LPE approaches—such as microfluidization, jet
cavitation, high-shear mixing, and high-pressure
homogenization—have been extensively studied.
Each approach has its own advantages and
limitations. One of the positive aspects of these
methods is that they do not require a complex
chemical oxidation step, are easy to control, and
do not demand sophisticated equipment, high
temperatures, or vacuum conditions. Therefore,
the LPE method is considered a promising option
for the inexpensive and large-scale production of
graphene [16,17].

Although LPE methods generally produce
graphene of moderate quality, the material
remains valuable because defects can be
beneficial in certain applications. For example,
edge defects in graphene make it useful for
catalysis and supercapacitor applications, while
porous graphene structures are suitable for
semiconductor devices that require a bandgap.

Another important factor influencing the
properties of graphene obtained via LPE is the
medium and technique used for exfoliation. To
date, a variety of media—including organic
solvents, water, surfactant/water solutions, ionic
liquids, and aromatic solvents—have been
investigated.

At the same time, microfluidization and
high-shear mixing are being recognized as
promising and novel LPE approaches for
exfoliating graphene into layers. Our study
focuses on results obtained from high-shear
mixing, which have been examined and
discussed.

I11. Experimental Section

The materials and equipment used were as
follows: carboxymethylcellulose obtained from
“Tashkent Polymer Synthesis”; graphite powder
“Graphite I7JI-1” supplied by “Taiirunckuit
ropHO-00oTaTuTENbHBI KoMOuHAT”; DI water;
UV-Vis spectrophotometer “SHIMADZU 1900”;
blender “VITAMIX 5200”; Raman spectrometer
“RENISHAW”; and electromagnetic stirrer
“DLAB MS-H280 Pro.”
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For the purpose of exfoliating graphene from
graphite in a liquid phase, a solution was first
prepared. To prevent the exfoliated graphene
flakes from re-aggregating and to ensure
dispersion in the solution, “CMC” was used,
while “Graphite IJI-1” powder served as the
source material for graphene exfoliation.

Initially, 600 ml of a 0.5% CMC solution
was prepared. After 6 hours, 400 ml of DI water
was added to reduce the concentration and dilute
the solution, followed by another 6 hours of
stirring with the electromagnetic stirrer. After 12
hours, the solution was transferred into the high-
speed blender “VITAMIX 5200.” At 1000 rpm,
100 g of graphite powder was gradually added
and stirred for 5 minutes. In the next stage, the
mixture was stirred at 5000 rpm for 10 minutes.
To ensure that the temperature did not exceed
50 °C, the solution was stored in a refrigerator for
30 minutes after every 10 minutes of stirring, and
then the process was resumed.

Samples were collected every 100
minutes. Each sample was subjected to
centrifugation at 4000 rpm for 5 minutes to
separate the upper (supernatant) and lower
(sediment) fractions. The experiment lasted for
1000 minutes. As a result, samples stirred for 100,
300, 400, and 1000 minutes were obtained and
analyzed.

IV. Results and Discussion

To confirm the formation of graphene in
the obtained sample, Raman spectral analysis was
carried out. Figure 1 shows the Raman spectra of
the synthesized graphene sample. Using Raman
spectroscopy, the structural properties of the
prepared graphene-based sample were analyzed.

The spectrum revealed three main peaks
located around 1350 cm[ 1" (D band), 1580 cm[ !
(G band), and 2700 cm[1' (2D band). The G peak
corresponds to the Ellg phonon vibration of sp-
bonded carbon atoms, indicating the presence of
a graphite-like structure. The D peak corresponds
to the “breathing” vibrations of sp? carbon rings
and becomes active only due to structural defects
or edge sites, suggesting that the graphene
structure contains a certain degree of disorder.
The 2D peak is the second-order harmonic of the
D peak and provides important information about
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the number of graphene layers. The relatively
sharp and symmetric shape of the 2D peak, along
with its moderate intensity compared to the G
peak, indicates the formation of few-layer
graphene (FLG) [18].
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Figure 1. Raman spectrum of the sample obtained
after 500 minutes of mechanical exfoliation.
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Figure 2. UV-Vis spectroscopy analysis of the
samples obtained after 100, 300, 400, and 1000
minutes of mechanical exfoliation.

The UV-Vis spectra of the samples are
presented in Figure 2. According to the UV-Vis
spectroscopy results, the samples exhibited a
maximum absorption peak around 270-280 nm,
which  corresponds to electronic
transitions, indicating the presence of a graphene
structure [19]. The absorption coefficient
increased with stirring time (from 100 to 1000
minutes), reflecting enhanced dispersion
efficiency or an increase in the concentration of

n—m*
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exfoliated graphene. Notably, the highest
absorption was observed after 1000 minutes of
exfoliation, indicating the presence of the largest
amount of exfoliated graphene particles.

V. Conclusion.

In this study, a graphene dispersion was
prepared by adding 100 g of graphite to a 0.3%
CMC solution and stirring at 5000 rpm for 1000
minutes. Samples were collected at 100-minute
intervals, and their structural and optical
properties were analyzed using Raman and UV-
Vis spectroscopy.

Based on UV-Vis spectral analysis, all
samples showed a maximum absorption peak
around ~270-280 nm, corresponding to m—m*
electronic transitions and indicating the presence
of a graphite/graphene structure. With increasing
stirring  time, the absorption coefficient
significantly increased, demonstrating that more
graphene particles were produced in the
dispersion. In particular, the sample stirred for
1000 minutes reached an absorption coefficient of
2.5, showing the highest degree of exfoliation.

The Raman spectra provided information
about the crystallinity and defect level of the
material. Analysis revealed that all samples
exhibited D (~1350 cm[1?), G (~1580 cm[1'), and
2D (~2700 cm[1') peaks. The presence of the G
peak is associated with sp>-bonded carbon atoms,
while the D peak indicates structural defects and
edge sites of graphene flakes. The relatively sharp
and intense 2D peak suggests the presence of few-
layer graphene in the material. The increase in the
D peak intensity with longer stirring times

indicates a rise in defect concentration,
confirming that an effective exfoliation process
took place.

Overall, the conducted research

demonstrates that graphene can be obtained in a
simple, cost-effective, and efficient manner via
liquid-phase exfoliation using CMC to disperse
graphite. This approach may serve as a promising
method for preparing stable, water-based, and
environmentally friendly graphene dispersions in
the future.
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Guaranteed evasion time in a differential game for an infinite system
in hilbert space [,

DDilnoza Uktamjonovna Kushakova

ATulanboy Tursunbaevich Ibaydullaev

Abstract. This study examines an evasion-type differential game governed by an infinite system
of binary differential equations formulated in a Hilbert space. The control functions of the players are
subject to geometric constraints. The pursuer aims to drive the state of the system toward the origin,
whereas the evader’s objective is to prevent this. An analytical expression for the guaranteed evasion
time is rigorously derived.

Keywords: differential game, Hilbert space, evasion strategy, infinite-dimensional systems,
guaranteed evasion time, geometric constraints.

AHHOTaumAa. B paHHol pabote uccnepyetcss oudpdpepeHumanbHas urpa Tvina YKINOHEHUs,
onuceiBaemasi B6eckoHeyHon cMcTemMon BGUHapPHbIX anddepeHumnanbHbIX ypaBHEHUN,
ChOPMYNUPOBaHHbLIX B MNb6EpPTOBOM NpPOCTpaHCTBE. Ynpasnsoowme (OYHKUMM UIFPOKOB MOAYUHEHDI
reomeTpuyeckum orpaHudeHusm. NpecnenoBaTtens CTPEMUTCSI MPUBECTU COCTOSIHUE CUCTEMbI K Havany
KOOpOWHAaT, B TO BPEMS KakK LeNb YKMNOHSAILWErocs COCTOUT B TOM, 4TOObl npegoTBpatute ato. CTporo
BbIBOAMTCS aHaNMTUYECKOE BblpaXkeHWe Ans rapaHTUPOBAHHOIO BPEMEHU YKITOHEHMUS.

KnioueBble cnoBa: guddepeHunansHas wrpa, cTpaterus ykrnoHeHus, [unbbepToBo
NpOCTPaHCTBO, BGECKOHEYHOMEPHBIE CUCTEMbI, FapaHTUPOBAHHOE BPEMS YKIMOHEHWSs, reOMeTpUYeckne
OrpaHuYeHusl.

Annotatsiya. Ushbu magolada Gilbert fazosida cheksiz ikkitalik differensial tenglamalar
sistemasi bilan boshgariladigan gochish turidagi differentsial o‘yin o‘rganiladi. O‘yinchilarning boshgaruv
funksiyalari geometrik cheklovlarga ega bo‘lib, quvlovchi sistema holatini koordinata boshiga olib borishga
harakat giladi, gochuvchining magsadi esa bunga to‘sqinlik gilishdir. Kafolatli gochish vaqtining analitik

ifodasi qat’iy ravishda keltirib chiqariladi.

Kalit so‘zlar: differensial o'yin, Gilbert fazosi, qochish strategiyasi, cheksiz o‘lchovli sistemalar,

kafolatli gochish vaqti, geometrik cheklovlar.

1. INTRODUCTION

Differential games constrained by
partial differential equations (PDEsS) have
emerged as a significant area of research in
control theory. Initial advancements were
made by Fattorini through his investigation of
time-optimal control in parabolic-type PDEs.
Subsequent foundational contributions by
Lions and Osipov extended these concepts to
differential games. Liu et al. further examined
optimal control problems on domains with
complex geometry, while Geshkovski and
Zuazua introduced an analytical framework for
establishing turnpike properties in linear PDE-
constrained optimization problems.

The decomposition method has proven
instrumental in transforming PDE problems
into systems of ordinary differential equations
(ODEs), facilitating their analysis. This
methodology has been employed in various
works by researchers such as Butkovskiy,
Chernous’ko, Avdonin, Ivanov, Satimov,
Tukhtasinov, Chaves-Silva, Alimov,

Albeverio, and Martin. Despite the apparent
simplification, challenges persist due to the
inherently infinite-dimensional nature of the
resulting ODE systems.

Also, using this method, some
differential game problems governed by PDE
were analyzed (see, for

example,[3,12,19,20,22,23] ). Though this
method results in a differential game described
by a system of ordinary differential equations,
the main difficulty in solving differential game
problems arises because of the infinity of the
number of equations in the system.

In such contexts, a PDE may equivalently
be represented by an infinite system of the
form:

0z

E:Az+u—v,
e N2 0z .
z= —Uzzla—xi(aij(x)a—%). )
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These differential game problems described by
(1) were reduced to a differential game
described by the following infinite system of
differential equations

12,.... (2

where u;, and v, are control parameters of
players, z.,u;, v, € R, and the coefficients
Ak, k = 1,2,..., satisfy the condition 0 < A; <
Ay <...—> 00,

Zk +Aka:uk—Uk, k=

Therefore, assuming that A, A,,... are
any numbers, differential games for the
infinite system of differential equations (2) can
be studied separately from PDE (1). In its turn,
infinite system of differential equations (2) can
be extended by replacing the coefficients A,
with d x d matrices A, and z, uy, v, with
the d-dimensional vectors. For example, the
work studies the problem of optimal pursuit

for the following infinite  system:
X = —ax; — By twin — v, x(0) = x5,
Yo = Bixi — apy; + Ui — Vi, yi(0) = yio,

in Hilbert space [,, where «a;, B; are real
numbers, and a; > 0. In fact, system (3) can
be derived from system (2) when A, are
complex numbers and z, u;, v, are complex
variables. Also, by replacing x,, y, with the
second derivatives X, y, in system (3) we can
study a differential game described by the
infinite system of second order Dbinary
equations (see, for example, [10]). Similar to
finite dimensional differential games one can
consider differential games with geometric or
integral constraints (see, for example,[17] ),
multi pursuer differential games (see, for
example,[18] ) and so on for the infinite
systems of differential equations.

In the work a differential game with
geometric constraints for equation (2) was
considered and an equation for the guaranteed
pursuit time was obtained. The paper is
devoted to a differential game for system (3)
with geometric constraints, and an equation for
the guaranteed pursuit time was obtained.

Infinite systems of equations (2) and
(3) can be written as an infinite system of 2-
systems as follows:

0

. 4
ZizAiZl"l‘ul'—Ui, Alz[ 011 _Aiz B

52
. —a —_— .
Z; = BiZi + u; — v, Bi = ,B'l _gl],
l l

where A;1, 442, a;, B; are some real numbers,
zi = (oY), Wi = (Wi wiz), v = (W31, v42).
Clearly, the matrices A; and B; are the Jordan
matrices. Any 2x2 real matrix is similar to one
of the Jordan matrices:

AiﬂBi or Ci = [_611 _1/1]1
i

with A; being a real number. For the
completeness, equations (2) and (3) suggests
considering an infinite system of 2-equations
corresponding to matrices C;. Therefore, in the
present paper, we study a differential game
problem described by the following infinite
system of binary differential equations

Zi = Cizi +ui -V, i= 1,2,...

For this system, neither a differential
game with 3y1tegral constraints nor a
differential g%me with geometric constraints
was studied in the literature. We study a
differential game with geometric constraints,
i.e., the values of the control functions of
pursuer and evader belong to the balls of radii
p and o, respectively. We obtain an equation
for the guaranteed pursuit time. Also, we
obtain a formula for a guaranteed evasion
time.

2. MATERIALS AND METHODS

We recall that the Hilbert space [, is a
linear space of all sequences of real numbers

lz={f=<fl,fz,...,fn,...)| Z€%<oo}
n=1

where the inner product and norm are defined
as follows

Em =) &t 11 =VED.

A controlled object is described by the
following infinite system of differential
equations
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—Aixi +yi +uy — v, x;(0) = x, (4)
Vi = —AYi + Uiz — Vi, yi(0) =y, =12,

in Hilbert space [,, where 4; > A,, and A, is a given positive number, x, = (%10, X20, - ) € L5,

Yo = V10, Y200 ) € Lz, U= (Ugq, Ur2, Up1, Upp, o) AN U = (Vyq, Vi, Va1, Vap, ) ArE the
control parameters of pursuer and evader, respectively. We suppose that 0 <t < T, where T is a
sufficiently large number, and that ny = (110, 120,---) = (X10, Y10, X20, V20, ---) # 0, Where

r’iO = (xiOinO)l [ = 1;2,-...
Let p and o, p > o, be given positive numbers.

Definition 1. A function u(t) = (u,(t),u,(t),..), t€[0,T], with measurable
coordinates u;(t) = (uy (), uiz(t)), i = 1,2,..., subject to the condition

i (Wt +ud () <p? 0<t<T, (5)

i=1
is referred to as the admissible control of pursuer.

Definition 2. A function v(t) = (v,(t),v,(t),...), t€[0,T], with measurable
coordinates v; (t) = (vi1(t), vi2(t)), i = 1,2, ..., subject to the condition

[0e]

Z (vizl(t) + vfz(t)) <0% 0<t<T, (6)

i=1
is referred to as the admissible control of evader.
Let n;(t) = (;(©), ¥: (D), U; = (U1, Upp), vi = (W31, vi2).
Definition 3. A strategy of pursuer is defined as a function of the form
Ut,v) =Ut) +v = (U(E) + vy, U(E) + vy, ..0), (7)

where U°(t) = (U2(t),US(t),..), UL(t) = (Ulol(t) U (t)) has measurable coordinates
UP(t),0 <t < T, that satisfy the condition

Z( Uf’l(t) +(Ug®) ) <(p-0)? 0<t<T. (8)
i=1
It is clear that
At — —/1['1' 1 t L — _Ai 1 ] -
etit = e~ht| |, Al_[o ) =12 ©)

The function n(t) = (n,(t),n,(t), ...) defined by the equation

t
n;(t) = editn;y + f eAi=9) (u;(s) —vy(s))ds, i=12,..,
0

is the unique solution of (4) in €(0,T;,), which is the class of continuous functions on [0, T]
that take their values in [,. The representation
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t
n;(t) = e4it Inio +f e~ (u;(s) — vi(s))dsl, i=12,.. (10)
0

clearly, implies that n(t) = 0 if and only if y(t) = 0, where
t
Y(t) = (Y1(t)ﬁ Vz(t), ')) )/l(t) = Nio + f e_AiS (ui(s) - vi(S))dS, (11)
0

3. RESULTS AND DISCUSSION
Let, fori =1,2,...,

0
Ais /'Ls Ais
w(e))-] s ASds—j[ o[, s

— 9 -
fez’lis (1+ s?)ds —f e2his sds
0
6

0
0
—je”is sds fe“is ds
0 .

0

18 $1(6)
Y2 (0) @)

where A* is the transpose of the matrix A, and

0 0

¥11(0) = J et (1 + s2)ds, Y12(0) = —J e?4is sds,
0 0
6 )
Y21(6) = — J e2%s sds, Y,,(0) = f e24is ds.
0 0

For the matrix W;(¢) and n;, = (x;0, ¥io) the following relation holds
_ —-Als 2
NioWi ()10 = f|€ 10" ds.

It is obvious that if n;, # 0, then this integral is positive. Hence, the matrix W;(t) is
positive defined. Thereby, its determinant is positive
(W (O] = 11 ()22 (8) — 7, (1) > 0. (12)
Hence, the matrix W;(t) is invertible and it is not difficult to see that
[ Y22() _ Y12(0) ]
17401 [W; ()]

_ Y1 (1) Py, ()
ZAGIERAG]

Wit =

In this section, we present the main result of our paper, which is the following statement about
the guaranteed pursuit time.
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Definition 5. We call number 7 a guaranteed evasion time if, for any number 7/, 0 <
7' < T, one can construct an admissible control v,(t) of evader such that, for any admissible
control of the pursuer, we have n(t) # Oforall0 <t <7'andi=1,2,...

The  evader tries to minimize  the  guaranteed evasion time.
The research questions are 1) is it possible to find a guaranteed evasion time 7 in the game for
any initial state no = (910,120, ***) # 0? 2) can we construct an admissible control for the evader
that ensures the guaranteed evasion time?

Theorem 3.1. The number

T= Sup Tj,
j=1,2,..

where 7; is a nonnegative root of the equation

t
Ais — o = ;
J;) e’ (p(l +5) g s) ds |77]0|, (13)

is a guaranteed evasion time in game (4)

Proof. First, we show that equation (13) has a unique nonnegative root. Clearly, if n;, = 0,
then equation (13) has the unique root 7; = 0.

Letnj, # 0. Since p > o and 4; > 0, we obtain

T]' o T]-
— A; A:
|77j0|—J;) els(p(1+s)——1+s)ds>f0 e’ (p(1+s)—o)ds >
Tj 2

Tj 1 Tj a Tj
>f e (p(1+s)—o)ds >f efspsds>pf sds=p7 (14)
0 0 0
Thus, the root of equation (13) satisfies the condition sz < Zlnjol/p. Consequently, T =
sup t; < oo.
j=1,2,.

Next, we construct a control for the evader that ensures n(t) # 0 on [0,7'] for the
arbitrary control u = u(t) of pursuer, where 7’ is an arbitrary time that satisfy the condition 0 <
T < 1.

By definition of 7, we can find j € {1,2,---} such that " < 7;. We show that game (4) is
never completed on [0, ;). Observe n;, # 0 since otherwise 7; = 0 contradicting positivity of
Tj.

Let the the evader applies the following control

1 ¢t . L
vj(t) = —01 T [O 1] ej, vi(t)=0,i=12,,i#j, t€ [O,Tj). (15)
where e = IZZEI is  unit  2-vector, ie, e = (e ep) lej| = 1.

Next, we establish that control (15) is the admissible. Using (6), we obtain
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lv; ()] = |_01—+t[(1) ; e zlL-l-t”ejl +ej29jz]
<t + 171D = 57 (1 + dleaD)
< i 1+t)=0

1+t

Therefore, control (15) is admissible.

According to (10) and (11), n(t) = 0 if and only if y(t) # 0. It suffices therefore to
show that, for any admissible control of the pursuer u(-), y(¢t) # 0, t € [0, ;). Indeed,

t t

e u;(s)ds — f e v;(s)ds
0

yi(t) =njo + f
0
t t

4, 1 _,
=nj0+J;)e Afsuj(s)ds+aejf0 T3s¢ Aisds. (16)

Then, by (15) we have
|(e™45u;(s), ¢))| < e 5 u;(s)]|ej| = (e 5w; ()|

R R (|

[ e

— e).jS

< els

Consequently, using (16) and the fact that 7; is the root of equation (13), we obtain for t €
[O, T]) that

t

‘ 1
(v (). ) = |njol +f (e~*u;(s), ¢) ds + af T etisds
0 0 s

elisds

t t o
> |77j0|—jop(1+s)e’11'5ds+J0 175

E Ais g —
> |nj0|—j;) e’ (p(1+s)—1—+s)d5—0.

As the result, y;(t) # 0, t € [0,7;), and hence n;(t) # 0 by (11), therefore, n(t) # 0 for t €
[0, ;). In particular, n(t) # 0 on the interval [0, 7']. The proof of

Theorem 3.1 is complete.
O
4. CONCLUSION
This paper investigated an evasion-type differential game modeled by an infinite system of
binary differential equations (4)

Zi = Cizi +ui — 7, i= 1,2,...,
. . A 1
which correspond to the Jordan matrices C; =[ Ol _/1], where A;, i =1,2,..., are real
i

numbers. While previous studies have addressed similar problems for systems associated with
certain matrix forms, this study extends the scope to a broader class of infinite-dimensional
systems. A closed-form expression for the guaranteed evasion time has been derived.
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Previous researches study only differential games described by infinite systems

Zi:AiZi+ui—Ui, Al:[ 011 .

And

Zi = Bizi +ul- %7 Bi =

0
Aiz
—Q; _,31']
B —a;l

It is well known that any 2x2-matrix can be reduced to one of the Jordan matrices A;, B;,
and C;. Therefore, the infinite system we have studied in the present paper fills the gap between
the infinite 2-systems corresponding to the 2x2 Jordan matrices. Evasion differential game
problems for the infinite system of differential equations corresponding to the 2x2 matrices C;
have been considered in the present paper for the first time.

We have studied an evasion differential game and obtained a formula for the guaranteed

evasion time.

Future investigations may consider more general formulations involving second-order

systems of the form:

Zi = DL'ZL' + u; — v, Di

_[a bi] L
_[Ci d,|’ i=1,2,...

where a;, b;, c;, and d; are any given real numbers.
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Vektorlar yordamida geometrik masalalar yechish

M.K.Maxkamov, J.D.Dexkonov, A.X.Akbarov

Andijon davlat universiteti

Annotatsiya. Bu ishda, vektorlar yordamida geometrik masalalarni yechish va ba’zi muhim
tengsizliklarni isbotlash mumkinligi hagida ma’lumotlar keltiriigan. Unda vektorlarning asosiy xossalari,
ular orasidagi burchak, skalyar va vektor ko‘paytma tushunchalari orqali murakkab geometrik shakllar va

ularning o‘zaro bog'ligligi tahlil gilinadi.

Kalit so‘zlar: Uchburchak, uchburchak medianasi, uchburchak bissektrisasi, aylana, Styuart

teoremasi.

Abstract. In this work, information is provided on how to solve geometric problems and prove

some important inequalities using basic vectors.

It analyzes the mutual relationships of complex

geometric figures through the fundamental properties of vectors, the angle between them, and the

concepts of scalar and vector products.

Keywords: Triangle, median of a triangle, angle bisector of a triangle, circle, Stewart’s Theorem.

AHHoTauumsA. B ganHon pabote npeactaBneHa nHdopmaums o TOM, Kak pellaTb reomeTpuyeckme
3afjaun M [okasbiBaTb HEKOTOPblE BaXXHble HEPaBEHCTBA C UCNOMb30BaHMEM OGa30BbIX BEKTOPOB.
AHanNU3npyTCca B3aMMOCBSI3M CIOXHbIX reoMeTpruyeckux uryp Ha ocHoBe (oyHOAaMeEHTamNbHbIX CBONCTB
BEKTOPOB, YrMOB MEXAY HAMU, a TakkKe NOHSATUIA CKanspHOro 1 BEKTOPHOIO MPOU3BEAEHMS.

KniouyeBble cnoBa: TpeYronbHUK,
OKPYXXHOCTb, Teopema CTioapTa.

I. INTRODUCTION

Geometrik masalalarni yechish, ya’ni
uzunlik, burchak, masofa va yuzalar kabi
kattaliklarni aniglash muhim ahamiyatga ega.
An’anaviy usullar bilan bu kabi masalalarni
yechish ba’zan murakkab va ko‘p bosgichli
bo‘lishi mumkin. Shu sababli zamonaviy
matematik yondashuvlardan biri vektorlar
yordamida yechim topish usuli  keng
go‘llanilmoqda.

Vektorlar fazodagi yo‘nalgan kesma
sifatida ta’riflanib, ularning algebraik xossalari
geometriyadagi ko‘plab muammolarni
soddalashtirish imkonini beradi. Vektorlarning
uzunligi, yo‘nalishi, ularning skalyar va vektor
ko‘paytmalari orgali geometrik shakllar
orasidagi metrik bog‘ligliklar, burchaklar va
masofalarni  aniglash mumkin.  Aynigsa,
uchburchak, parallelogram, doira  kabi
shakllarga oid masalalarda vektor yondashuvi
juda qulay va samarali hisoblanadi.

Ushbu maqolada vektorlar yordamida
geometrik  masalalarni  yechish  usullari,
ularning nazariy asoslari, shuningdek ba’zi
muhim geometrik tengsizliklarning vektorli
isbotlari ko‘rib chigiladi. Magsad o‘quvchi va
tadgiqotchilarga vektorlarning amaliy
imkoniyatlarini  ko‘rsatish va geometriyani
chuqurrog anglashga xizmat giluvchi muqobil
yondashuvlarni tagdim etishdir.

MegnaHa TpeyronibHuka,

BuccekTpuca TpeyronbHKKa,

1. MASALANING QO‘YISHI VA ASOSIY
NATIJA
Uchburchak medianasi
hisoblash. Tomonlari
BC=a,CA=b, AB=c
bo‘lgan ABC uchburchakda AA, =m, mediana
o‘tkazilgan bo‘lsin. U holda
BA =AC
bo‘lgani uchun A nugtani qutb deb gabul
gilsak, vektorlarni ayirish goidasiga asosan
A-B=C-A
vektor tenglikni yozamiz. Bundan
— B+C
A=
bu tenglikni skalyar kvadratga ko‘tarib
~, B?+2B-C+C?
2 _
A= 4
tenglikni yozamiz. Ammo

uzunligini

b*+c*-a’
2bc
=b*>+c’—a*, B*=c’,C*=b*, A’ =m’
ekanligini e’tiborga olsak, bu tenglikdan
2 2lb* +¢?)-a’
: 4
va bundan AA, = m, mediananing uzunligi

m, = %N/Zibz +c?)-a’

2B-C =2chcos /A =2bc-
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formula bo‘yicha hisoblanishi mumkinligini
ko‘ramiz.
Uchburchak bissektrisasi uzunligini
hisoblash.Tomonlari
BC=a, CA=b
va AB=c bo‘lgan ABC uchburchakda
AA = S, bissektrisa o‘tkazilgan bo‘lsin. U

holda bissektrisa xossasiga ko‘ra
BA :BA=AC:CA,

yoki A nugtani qutb deb qabul qilib,
vektorlarni ayirish goidasiga asosan

b(A -B)=clC-A)
vektor tenglikni yozamiz. Bundan

~ bB+cC
~ b+c
Bu tenglikni skalyar kvadratga ko‘tarib
p2 _D'BY 4208 C+c’C

- (b+c)

tenglikni yozamiz. Ammo
b*+c?—-a®

2B-C =2chcos LA = 2bc-
2bc

=b*+c*—a’, B’ =c’,C* =b", A’ = &
ekanligini e’tiborga olsak, bu tenglikdan
2b°¢ +be(b” +¢* —a*)

(b+c)2

bc[(b+c)2 —az}

(b+c)2
bc(b+c+a)(b+c—a) 4bep(p-a)
(b+c)’ ~ (b+c)
Demak, AA = 3, bissektrisaning uzunligi

2
B, =——Jbcp(p-a)

b+c
formula bo‘yicha hisoblanishi mumkinligini
ko‘ramiz, bu yerda

_a+b+c

2
uchburchakning yarim perimetri.
Uchburchakka tashqgi va ichki

chizilgan aylanalar markazlari orasidagi
masofani hisoblash. Bu masofa geometriyada
Eyler teoremasi deb nomlangan quyidagi
teoremada mujassamlashgan:

2
a

59

Teorema. Uchburchakka  tashqi
chizilgan aylana markazi bilan ichki chizilgan
aylana markazi orasidagi masofa uchun

d=vR?—2Rr 1)

formula o‘rinli, bu yerda R va r mos
ravishda uchburchakka tashgi va ichki
chizilgan aylana radiuslari.

Isboti.

BC=a,CA=b,AB=c
va AA va CC, AABC ning bissektrisalari
bo‘lsin.

Uchburchak bissektrisasi  xossasiga
ko‘ra
AC,:C,B=bh:a
va
BA :AC=c:b
Ac, =25 ac—b
a+b
ekanligidan
Cl _C4 b a+b
IC, AC, bc ¢
a+b

Teoremani isbotlashni davom ettirish
uchun vektorlar usulidan foydalanamiz.

Dastlab uchburchak bissektrisa
xossasiga ko‘ra
AG, CB CI a+b

= Va —— =
b a IC, ¢

vector tengliklarni yozamiz. Bu tengliklardan
vektorlarni  ayirish  qoidasi bo‘yicha
uchburchakka tashqgi chizilgan aylana markazi
O nugtani qutb deb hisoblab,
c,-2 A+ Llg
a+b a+b

va
(a+b+c)l =(a+b)C, +cC

bu tengliklardan
(a+b+c)l =aA+bB+cC.

Oxirgi tenglikni skalyar kvadratga ko‘tarib
(a+b+c) OI* =(a® +b*+c*)R* +
+2abA-B+2bcB-C +2caC- A

tenglikni hosil gilamiz.
Ammo skalyar Kko‘payitma ta’rifi va
kosinuslar teoremasiga ko‘ra

2A-B=2R-R-cos Z/AOB =
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2 22
:2R2 .mZZRZ _C2
2R-R
Xuddi shu kabi
2B-C =2R?-a?, 2C-A=2R?*-p?
bo‘lgani uchun
(a+b+c)2 )

:(a+b+c)2 R*—abc(a+b+c)

bundan
oI = R?— abc
a+b+c
_ge_ € AS e opy
4S 2p

Oxirgi tenglikdan uchburchakka tashqi
chizilgan aylana markazi bilan ichki chizilgan
aylana markazi orasidagi masofa uchun (1)

formula o‘rinli ekanligiga ishonch hosil
gilamiz.

Styuart  teoremasini isbotlash.
Uchburchakdagi ko‘plab metrik

munosabatlarni topishda uchburchak uchidan
garshisidagi tomonda yotgan nuqtagacha
bo‘lgan masofani hisoblash talab gilinadi.
Bunday masalalarni yechishning usullaridan
biri Styuart teoremasidir:

Teorema. Agar ABC uchburchakda

BC=a,CA=b,AB=c
va D eBC bo‘lsa, u holda
AD?.a=c*-DC+b*-BD-BD-DC-a

munosabat o‘rinli.

Isboti. A nugta qutb bo‘lsin. Agar

BD:DC=m:n
bo‘lsa, u holda BD + DC =a bo‘lgani uchun
5D __2am DC = an
m+n m+n
U holda
BD DC
m n

tenglikdan vektorlarni ayirish qoidasiga ko‘ra
n(ﬁ—é):m(é—ﬁ) =

n = m =

D= B+ C=>
m+n  m+n
5_-DPCg,BD=

a a

Oxirgi tenglikni kvadratga ko‘tarib,

60

2
I§2+B[z C?+2
a

b2

, DC?
DC? ,

= c’+
yoki

BD;ZDC 5.

(b2+c2—a2)

D

BD?
a2

BD-DC
+ "

DC’+BD-DC
= c’+

a2

BD*+BD-DC
+
a2
Bundan Styuart teoremasiga teng kuchli
bo‘lgan

AD’

b?-BD-DC

AD? =D—C02 +Eb2 —BD-DC
a a
munosabatni  hosil  gilamiz.  Teorema
isbotlandi.
Vektorlarni go‘llab turli mazmundagi
geometrik ~ masalalar  yechish uchun

o‘quvchilarga quyidagi adabiyotlarni tavsiya
etamiz.
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O pa3peluMMOCTU KpaeBbIiX 3a4a4 AN BA3KO-TPaAHC3BYKOBOro
YPaBHEHUs1 C HECUMMETPUYHbLIMU YCITIOBUSIMU MO BPEMEHMU

N6poxmumoB XycHnaauH KomumkoH yrnm
HamaHraHckum rocyaapcTBeHHbIN TEXHUYECKUA YHUBEPCUTET.

E-mail: xusniddin571@mail.ru

AHHOTaumsa. B pgaHHonm paboTte uccrnegoBaHbl KpaeBble 3ajavv AN BSA3KO-TPAHC3BYKOBOMO
YPaBHEHUSA C HECUMMETPUYHLIMU YCMOBUSIMM NO BpeMeHW. EQUHCTBEHHOCTb peLleHus MOCTaBfIEHHbIX
3ajay gokasaHbl C MOMOLLbIO METOAOM MHTErpanoB aHeprun. [lokasaHbl, YTO NpW HapyLIEHWUW YCIOBUIA
€0VHCTBEHHOCTM CYLLECTBYIOT HETPMBUArbHbIE pELLEeHNsT OAHOPOAHbIX 3agay. CyllecTBOBaHWE peLleHns
YCTaHOBJIEHbl METOAOM pasfefieHna nepemMeHHbIX. PeweHne 3agayn npeactaeneHbl B BUAe
BeckoHe4HOro psga ¢ 0boCHOBaHMEM BO3MOXHOCTW €ro MOYNeHHOro AuddepeHunpoBaHms No BCeM
nepemMeHHbIM. |_|pl/l AoKa3aTernbCcTBe paBHomepHoM CXOOAMMOCTN YCTaHOBJIEHbl OT/IMYHOCTb OT HynNA
"Manoro 3HameHaTens".

KniouyeBble cnoBa: YpaBHEHWE C KpaTHbIMM XapakTepucTUKamu, Kpaesas
€[MHCTBEHHOCTb, CYL|EeCTBOBaHME, MeTo4 pa3geneHbl MepemMeHHblX, CcobcTBeHHOe
cobcTBeEHHas yHKUMSA, YHKLMOHANbHbIA psg, abcomnoTHas u paBHOMEpPHasi CXOAMMOCTb.

Annotatsiya: Ushbu ishda vaqt bo‘yicha simmetrik bo‘lmagan shartlar bilan govushqog-trans
tovushli tenglama uchun chegaraviy masalalar o‘rganilgan. Energiya integrallari usuli yordamida
yechimning yagona ekanligi isbotlangan. Yagonalik shartlari buzilganda bir jinsli masala notrivial
yechimga ega bo’lishi ko‘rsatilgan. O‘zgaruvchilarni ajratish usulidan foydalanib, yechimning mavjudligi
isbotlangan. Masalaning yechimi cheksiz gator ko‘rinishida ifodalangan bo'lib, uning barcha o‘zgaruvchilar
bo‘yicha hadma-had differensiallash mumkinligi asoslangan. Tekis yaginlashuvchi ekanligini isbotlash
jarayonida "kichik maxraj"ning noldan fargli ekanligi aniglangan.

Kalit so‘zlar: Karrali xarakteristik tenglama, chegaraviy masala, yagonalik, mavjudlik,
o‘zgaruvchilarni ajratish usuli, xos son, xos funksiya, funksional gator, absolyut va tekis yaginlashish.

Annotation.This work examines boundary value problems for the viscous-transonic equation
with non-symmetric temporal constraints. Unigqueness of solutions is rigorously proved via the energy
integral method. We establish that when uniqueness conditions are violated, non-trivial solutions emerge
for the associated homogeneous problems. Existence of solutions is confirmed through the method of
separation of variables. The solution is represented as a convergent infinite series, with complete
justification provided for its term-by-term differentiability across all independent variables. The uniform
convergence analysis identifies the persistent non-degeneracy of small denominator terms.

Key words: Equations with multiple characteristics, boundary value problem, uniqueness,
existence, method of separated variables, eigenvalue, eigenfunction, functional series, absolute and
uniform convergence.

l. Brenenmne

3agava,
3Ha4eHwue,

Cnez(yeT OTMCTUTH, YTO B IOCIICAHCC BPEMS B

Hudbdepennmanbaple  ypaBHEHUS B
YaCTHBIX ITPOM3BOJHBIX TPETHETO IMOpsIKa
paccMaTpUBAKOTCA MNpPU  PENICHUH  3a]a4
TEOPUU  HEIUMHEWHOW  AaKyCTUKM U B
TUAPOJUHAMUYECKOH TEOPUM KOCMHUYECKOH
M1a3Mbl, (QUIBTPAIIMH XKUIKOCTH B MOPUCTHIX
cpenax [1].

JIOBOMBHO YacTO pE3KME U3MEHEHUS
MapaMeTpoB IMOTOKA MPOUCXOAAT B Y3KUX
00JacTsX, MpUJIeTAIoNUX K yIapHBIM BOJHAM.
I'panrieHTHI MapaMeTpoB MOTOKA B HUX MOTYT
OBITh HACTOJILKO 3HAYUTEIHHBIMU, YTO HAPSTY
C HEJIWHEWHBIM  XapakTepoM  JBWIKECHHS
CTaHOBUTCSA HEO0OXOTUMBIM YUUTHIBATH
BIIMSHUE BA3SKOCTH M  TEIUIONPOBOJHOCTH.
Takue TeyeHUsT HaA3bIBAIOTCS KOPOTKUMH
BonHamu. K  Teopum  KOpPOTKMX  BOJH
OTHOCHUTCSI TE€OPHUSI TPAHC3BYKOBBIX TEUECHUHU.

JaUTepaType OSTO YypaBHEHHE Bce Ooiblile
Ha3bIBAIOT BA3KUM TPaHC3BYKOBBIM
ypaBHeHUeM, win pocto BT-ypaBuenuem [2].
OOmrast Teopusi KOPOTKUX BOJH U €€ CBA3b C
TPAHC3BYKOBBIMU TeueHUsMH gaHa B [3]. B
psne  KOHKPETHBIX  (U3MYEeCKUX  3ajad,
pPaccMOTpEHbl  MPUMEpPbl  KOPOTKHUX  BOJIH,
BO3HUKAIOIIUX B CTAalMOHAPHBIX TEYEHMSIX,
/i€ MPOUCXOAT JUCCUIIATHBHBIE TIpolecchl. B
[4] paccmaTpuBaeTcsi MaxOBCKOE OTpa)KCHUE
cnaObIX YAapHBIX BOJH OT kinHa. B [5-6]
paccMOTPEHO B3alMOJIEIICTBHE cJ1abbIX
yIapHBIX BOJIH B HEOTPAHUYEHHOM CIIOE.

B paGore [7], yuuThiBas CBOWCTBa
BA3KOCTH U TEIJIONPOBOJHOCTH Tra3a, U3
cucreMbl HaBpe-CTokca ObLIO  IOTyYEHO
YpaBHEHHE TPETHErO TOpPSIKA C KPaTHbIMU
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MATHEMATICS

XapaKTEepUCTHKAMM,  COJEpIKallee  BTOPYIO
MIPOU3BOIHYIO 110 BPEMEHH
V —_—
Uy +Uy, —=U, =UU,, V= const.

y

D10 ypaBHeHue mnpu vV =1 omnuckiBaeT
OCeCHMMETpHYHBI moTok, a mpu V=0
ONKCHIBAET IUIOCKO - MapasuIeibHBIi IOTOK
[8].

[lepBbiec pe3yibTaThl IO yPABHEHHIO
TPETHETO Hopsiika c KPaTHBIMU
XapaKTepPUCTHKAMUA  OBbUTM  TIOJNYYCHBI B
paborax H. Block [9], E. Del Vecehio [10].

L. Catabriga B pabGote [11] mns ypaBHEeHuUs

D;"u—Dju=0

q)YHI[aMeHTaHBHOG PCUICHHUC B BUIAC JIBOMHOTO

IOCTPOUJI

62
XapaKTCPUCTHKAMU, COACPIKAIIHNC BTOPLBIC
IMPOMU3BOJAHBEIC II0 BpPEMCHH, BBIPAKCHHBIC

4yepe3 BBIPOXKIEHHBIE THIEPreOMEeTPUUECKUe
GyHKIIMM, H3y4eHbl HMX CBOICTBa, HaMJIEHBI

OLICHKH IIPH ‘t‘ — o,

1. IocranoBKa 3agaun
B obnacTu

D={(x,y): O<x<p, 0<y<q}
PaccMOTPHMM ypaBHEHHE
L{u]=uy, +u, +u=0,

1)
p,qeR HEr0 HCCIeayeM
CIIETYIONLYIO 3a/1auy.

3amaua A . Haiitu gynxumo U (X, y)

rae U I

HECOOCTBEHHOTO  MHTErpajga ©  HU3y4ui 3.2 21 (W
CBOMCTBAa TMOTCHIHMANIA, pEHIMI  KpaeBble 3 Kiacca CX,V ( D) a CX»V ( D) :
3a/1a4H. YIOBJIETBOPSIONTYIO ypaBHeHuIo (1) B o0mactu
B paborax [12-13] moctpoensl D g CIEIYIOIUM KPAaeBbIM YCIOBUAM:
dbyHIaMeHTallbHbIE PENICHUs ISl YpaBHEHUS
TPETHETO MOpsIIKa c KpaTHBIMU
u,(x,0)=u(x,q)=0, 0<x<np, )
au(0,y)+bu, (0,y)=w,(y),
cu(p,y)+du,(p,y)=w,(y), 0<y<q, ©)
u, (0.y)=ys(y),
rre a, b, ¢ u d - 3aJaHHble IIOCTOSIHHBIC, a TaKXke 8.2 + b2 #0, C2 +d 2 0 , a
v, (y), I =1,3, — 3ajanHHbIe JOCTATOYHO TIIAIKHE GyHKIUY, IPUYIEeM
v (0)=w,(q)=0,i=13 (4)

OTMeTHM, 9YTO aHAJOTMYHAs 3ajada JUIs CONPSDKEHHOTO YpPaBHEHUS HCCIEAOBaHBI B
paborax [14-16]. KpaeBbie 3a1aun, O1mu3Kue K TeMe JaHHOW paboThl, u3y4anuck B [17]. B padote

[18] paccmorpen cmyuait a=1, b=0, c=1 d=0, [19]
a=0, b=1 c=1 d=0.
1. EanHCTBEHHOCTH pelieHust
Teopema 1. Ecnu 3anaua A1 MMEET PEIICHWE, TO IPHU BBIIOJIHEHUN YCIOBHUH

ab<0, cd >0, £ <0, ono exuucTBEHHO.

IlOKa?laTeJIBCTBO. Hpe,[[HOJ'IO)KI/IM 06paTHOC, OyCcTh 3aaava A1 HMECT [IBa PCUICHUA

ul(x,y) " uz(x,y). Torma ¢ynkuus u(x,y):ul(x,y)—uz(x,y) YIOBJIETBOPSIET

a B pabore cirydai

ypaBHEHHIO (1) ¢ 0THOPOIHBIMU KpaeBbIMH ycnoBUsIMHU. JlokaxkeM, uto U (X, y) =03 D.

B o6nactu D cnpaseanuso Toxaecto

u L[u]sag(uuxx —%uf)+%(uuy)—uj +uu® =0,
X

Wuterpupys ToxaectBo (5) nmo obmactu D, numeem

(5)
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o

jzg[u(& Y) U (X, Y)—%uf (X, y)}dxdy+

a5 P g P g
+”5[u (%, y)u, (x,y) Jdxdy — ”u§ (X, y)dxdy + ,u”u (x,y)dxdy = 0.
00 00 00
YuuThiBas 0fHOPOAHBIE Kpaesble yciaosuil u Tpebys a # 0, C# 0, nonyuum
d | b 17
—qux (p,y)dy ——qux (0,y)dy + —juf (p,y)dy+ ”uyzdxdy —,u”uzdxdy =0.
C% ay 2y D D
IMycts =0, torma mo ycmosus Teopemst 1, T.e. ab<0, cd >0, mnomydnm
u, (X, y) =0, orciona umeem U(X, y) = f (X) Homoras Y =0 wu yuureBag uTO
u (X,O) =0, umeem f (X) = 0. Cnenosarenpro, U (X, y) =0, (X, y) eD .Ecmm <0, 10
U3 IIATOTO CJIaraeMoro, IOIy4YuM U(X, y) =0, (X, y) € B B cuny nocnensero, noysy4um
u (X, y)=u,(xy).
3ameuanue 1. OTMeTuM, 4TO TpU HAPYIIEHUHU YCIOBUM Teopembl 1, T.e. & = bkn2 )

b>0, k,>0, c,deR, ¢’ +d?#0 onmopomuas 3anaua A s OXHOPOIHOrO ypaBHEHH

(1) moxer uMmeTh HeTpuBHanbHOE peuieHue. Hampumep, ypaBHenus (1) ¢ OIZHOPOAHBIMU
KpaeBbIMU YCJIIOBHUSIMHU:

u, (x,0)=u(x,q)=0, )
kiu(0,y)+u,(0,y)=0,
cu(p,y)+du,(p,y)=0, (3)
u,(0,y)=0,

MMeeT HETPUBUAIBHOE PEllIeHHE B BHIE
K
3 T 2n-1)r

u(xy)=2e 2" cos - kx=2 %

B cunyyasx b« 0, d = O; a+ 0, d= 0; C# 0, b0 , AHAJOTUYHO IIOJIy4yaeM

y, neN.

PaBEHCTBO U(X, y) =0sD.

Teopema 1 nokazana.
V. CyuiecTBoBaHUE pelieHUs

Teopema 2. Ecin obynkumu Y, (y) eC? (0 <y< q), i=13 u semommsercs
ycioBus (4), TO pelIeHue 3a1a9u AL CYIIECTBYET.
Jloka3zaTeabcTBO. Pemenue 3amaan A1 WIIEM B BUJIC
u(x,y)=X(x)Y(y). (6)
[Toacrasnss (6) B ypaBHeHue (1) m pasmenss mepeMeHHBIE, OTHOCHUTENBHO (DYHKITMH

Y (y) nonyuum 3anauy tuna lltypma-JInysumis:
{Y "+ Y =0,

Y'(0)=Y (q)=0, o
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rae A - mapamerp pasjesneHus.
HerpueuanbHble penienus 3a1aun (7), CymecTByeT TOIBKO U

2
zn{%} . neN.

DT yucna SBISAIOTCA COOCTBEHHBIMU 3HAYEHUAMH 3a7auu (7), a COOTBETCTBYIOLINE UMU
cobcrBennble GhyHknuu umeroT Bu [20]

Yo (y)= E COS(%} y. ®)

Otmetrum, yTO cuctemMa coOCTBeHHBIX GyHkiui (8) 3amauu (7) sABAsSETCS MOIHONW U
OpPTOHOPMHMPOBaHHOM B mpoctpancTse L, (0, q) [21].
T X, (X) MPUXOAUM K CIIEIYIOIIECH 3a/1a4e:
Xy —(4,—u)X, =0,
aX, (0)+5X; (0) = v
cX, (p)+dX(p)=v",

X, (O) =Wans

9)

rac
1 2n-1 —
Wi . =F.[l//i (y)cos(M y]dy, i=13 neN.
d9 29
Ooiee perieHre ypaBHeHue B 3aaa4n (9), uMeeT BUI
1
X, (x)=C,e"" +e 2 [CZH cosg k. x+C,,sin ? knx] . (10)

31€Ch

(2n-1) 7Y 2
K. =34, —u=3|——| —u, k, >0, k, =0|n®*|, neN.

2

YuuTeiBas yciaoBus 3afauu (9), HoxyduM:

bk? /3bk?
Ci (a+bkr12)+C2n (a_ 5 j_CSH T:Wm’
1
C,e"? (c+dk?)+Cpe 2P [c cos(? K, p] + dk? cos(? K\p— %n '
11)

1
+C, e 2P (csin(? k. p} +dk’sin [? k. p —%D =W,

1 NE]

kncln _EknCZn + 7knc3n =W
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Utak, mma onpenenenns koddoummenton C. 1,3, MBI momyummu cucremy

i=
In?
anreOpanveckux ypaBHenuit (11).

BBexem o0o03HaueHue:
J3 (3 J3 21
=cos| —k_p |, =sin| —k _p |, =cos| —k p—— |,
a, [2 P B, > kP | 7 R L
\/§ 27[]

o,=sin| —k p——|.
Prp-%

Torpa (11) umeer crnenyrouuii BUI;

2 2
Cln(a+bknz)+C2n(a_b;n J_Csn@_l/ﬁn’

1 1

C,. e (c+dkn2)+C2ne_2 (ca +dk?y,)+Cye 2" (cﬂn +dk?3,) =y, (12)

B3

1
k C1n _EknCZn +C3n 7k =Wz

n n

OcHoBHOM onpeaenuTenb cuctemsl (12) numeer

Na

a-+ bk’ a—1pk? _ V3
2 2

oy o NG

A(n)=le"(c+dk?) e ? (ca, +dkiy,) e ? (cﬂn+dkn25n)_7kfek“pZ(n),

1 V3

kn __kn _kn
2 2
rac
3k
- c a) S, |(ac 2ad 2bc NE] ac 3
An)=| =+d ||b-—=|+e 2 | ——-——+—--Dbd |[cos—k p+~3| —+bd |[sin—Kk p¢,
) [kz j[ kﬁ] {k: ey } 2 P f[k: j 2 ”p}

[oxasxeM, uto A # 0. Jlnst sToro noxaxem CIETYIOIYIO JIEMMY:
Jlemma. Kpaesas 3amaua

7= (A —u)X, =0,
)+bX/(0)=0,

(13)
)+dX(p)=0,

n(
cX,(p
X, (0)=0

JlokaszareabcTBo Jemma. [Ipenonoxum obparHoe, mycts X | (X) #0.

MMEET TOJIBKO TPUBUAIIBHOE PELLICHUE.
PaccmoTtpuM TOXK1€CTBO

X, (X~ (4 - #)X,) =0

N
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2

UHTErpUPYs 110 UHTEPBAILY (0 <X< p), U YYUTHIBAsA KPACBBIE YCIIOBUS, OJIy4YUM

d "2 b "2 1 12 r 2 —
—X ——X"(0)+=X +(A, —u)| X2dx =0.
C n (p) a n ( ) 2 n (p) ( n )'([ n X

Tak xak ab <0, cd >0, ﬂ,n >0, u<0, 10 X, = 0. Jlemma foxa3aHo.

(XX; =500 | (3, -w)x: =0

. *) —
Iycth cymecTByeT Takoit Homep N, uto A(n ) =0, Toraa CYyILIECTBYET IIOCTOSIHHBIE

* * *
Cl ) CZ y C3 OAHOBPEMCHHO HE BCC paBHBIC HYJIIO, YAOBJICTBOPAIOIIUE CUCTEME

2 2
bkn*]_ c V/3bKZ 0

Cfn*(a+bk§*)+C;n*(a— ; S

Cpe“P(c+dk2 )+ c;n*e‘ik”*" (can. +dk2y,. )+ c:;n*e‘ik”*" (cB, +dk%s,.) =0,

.1 J3

kn*cln* - E kn*C;n* + 7 kn*C:;:n* =0.

Otcrona nMeeM, 9TO (yHKITHS

N V3 N sin?k X

1
X (x)=C;, e X 1o 2" ¢ cos X2k x4 C
n* 1n* 2n* 2 n* 3n* n* !

SBJISIETCS pellieHneM KpaeBoii 3a1auu (13), HO 110 T0Ka3aHHOM JIeMME JT0HKHO OBIThH
2 2
HO 3TO HEBO3MOXHO B CHIIY JINHEHHO-HE3aBUCUMOCTH (PYHKIIH

—lkn* X \/_ —lkn* X \/_

3 . /3
e, e 2" cos—Kk.X, 2 sin—K_xX.
2 2

1
* _7kn*x * * -
C,.e*+e 2" | C,.cos~—k .x+C;.sin—Kk_.x |=0,

1n*

Otcrona pyHKIMS:

X

- _l x X * *
u*(xy)= EZ C,.e"* +e 2 CZn*cos?kn*x+csn*sin§kn*x
n*=1
(2n*-1)x
2q

ABJIACTCA  HCTPUBUAJIBHBIM  PCHICHUCM  3aJlavyu A\l , a DJOTO HPOTUBOPCHUT TEOPEME

X COS Y,

€MHCTBEHHOCTH.
Urak A(n) #0, ne N . Torna cucrema ypasrenwuii (12) HMeeT pelieHue B BHIE
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3k,
Cani_ l//—lz” e 2" %sm\/gk p+dsin ﬁk p—z—” B %+d +
J3A| K k2™ 2 2 3 2 | K?

3k,
\/_I//Zn knp(k2+2bj Yan {e 2 p(i+b]££3|n\/2§knp+,

k k2 k2

n

+dsin ﬁk p—z_ﬂ £b +d
2 3 2 k2 ’
3k,
C3n 2 l//ln > g_e 2 - P C2 Cosﬁk p+dCOS @k p_z_ﬂ' +
J3A 2k 2 k27 2 2 3

3k,
+3_a://2n g or 4 Yo {ep[kaz +9]£kc2 Cos?k p+

sofSo-5)- o]

Torma pEIICHUC 3a1a4r A& 3alMUCbIBACTCA B CIICAYIOLICM BHU/JIC:

3 X 2n-1
%z{cmeknx e [czn cos Lk, sin L, Xﬂcosgy_
n=1

2q
(14)
Teneps joKakeM aOCOMIOTHYIO M PABHOMEPHYIO cXoauMmocTh psaja (14) B obmactu D .
N3 (14) umeem
2 ~Jax 3 RVE
u(x,y)|=,[=2| Cne“*+e 2" | C,, cos£knx+C3n S|n£knx X
q n=1 2 2
(15)
(2n-1) 7 & )
xC0S———— Y| <M Z‘[|C1n|e X +|C2n|+|C3n|]
2q n=1
Haiinem onenku Cm, =]T3, MOJIy4YUM
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|‘//1n| |';”2n| |V/3n|

[Conf < Me™? | Bom+ B+ 5

. f<m[el sl ]
Wil [Wal Wl |

|C3”|SM_|k}|+|ki2|+|ki|_’

Haiinennsie onenxu ot C., 1=1 3, noactasisis B (15), umeem

in?

|MKM3M§}MH)%¥+%ﬂ W@|<Mz|ﬁwJ%HJTJ_a®

n

Wurerpupys mo yactsam ¥, , 1= 1,3 u npunumas Bo BHUMaHHE ycnoBue (4), TOTyduM

2
Vin :(ﬂj \P;n ’ i:ﬁ'
/ n

rIe

Torna

| < |lPin| s 19 _
Wo|<M*==, =13 M =const>0.
VYuurteiBas 3T OLleHKH, U3 (16) HaxoauM

| Xy|<MZ |\P1n| |‘P2n|+|\P3n| <0
8 .

n=t n3 n3 n3

Ortciona cienyer, uto psj (14) cxoaurcest aGCONOTHO M paBHOMEPHO B obmactu D .
Tenepp nokaxkem, yTo mpou3BojHbIE psanga (14) Bxomsummii B ypaBHeHue (1), Takxke

cxozaTcss abCONMOTHO M paBHOMepHO B obnacty D. Jlns 9TOro BHMMCISEM YacTHYIO
IIPOU3BOJHYIO O Y 110 BToporo nopsiaka, u3 (14) nomyuum

2
8—2:— Zn C,e" +e2k C,, Cos——K Xx+C, sin—K X | |x
oy q 2 2
2n-1
xcosgy,
2q

Y4uteiBas OLICHKY U(X, y) , AMEeM

e Ml ¥, ¥
< > |
n=1 3
n3 n3 n3
Hcnone3ys HepaBeHcTBa Ko - bynskoBckoro u beccens, nomyunm

2
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|1P1n| +00 |\P2n| +00 1

b 4 — |<
o 5505 e

<M Z|qjln Z|\P2n +||l//gn(y <o,

n=1 n3 n=1 n3
371€Ch
2
Zl‘l‘sn <ya Wl oq
2
Crie10BaTenbto, psil, COOTBETCTBYIOIIMH (DyHKIMH % CXOMUTCA abCONIOTHO U

paBHOMepHO B o6nactu D . AGcomoTHas 1 paBHOMEPHAS CXOAUMOCTb TPEThe MPOU3BOIHOM MO
3 2
o’u| (0°u
X psna (14) cnenyer u3 | —| = || ¥ IOKa3aHHOI'O BbILLIE.
OX oy
Teopema 2 nokazaHa.
3amaua A,. Haiitu pemenne ypasHenns (1) B obGnactu D wu3 xnacca

C:2(D)NC2 (5), VIOBICTROPAIONIEE CIISIYIONTHE KPACEHIC YCIIOBHA:
u(x,0)=u,(x,q)=0, 0<x<p,
au(0,y)+bu, (0,y)=w,(y).
cu(p,y)+du,(p.y)=y,(y), 0<y<q,

u, (0,y)=w,(y),

rae Y, (y) S C2 (0, q ), = 1,_3— 3a/IaHHbBIC JOCTATOYHO IaKue QYHKIUH, TPUIEM
v, (0)=y(q) =0, i=13

CYHIGCTBOBaHI/Ie 1 CAIUHCTBCHHOCTDb PCIICHHUA 3aJa4r A2 JOKa3bIBACTCA TaK K€, KaK U B

samaue A .

V.BbBIBO/IbI

B nmanHoit pabote B MpsSMOYToJIbHOW 00JACTH MCCIIEIOBAHBI KPACBBIC 3a/1a4 JJI BSI3KO-
TPAHC3BYKOTO YpPaBHEHUSI C HECHMMMETPUYHBIMHU YCJIOBHUSIMU IO BpEeMEHHU. EIMHCTBEHHOCTH
pemeHHe IIOCTABJICHHBIX 3aJa4 AO0Ka3aHbl C METOIOM I/IHTeraJ'IOB 3Heprm/1. CYH_[CCTBOBaHI/Ie
pEelIeHUs] JI0Ka3aHbl METOJOM pa3/ieJieHUuss NEpeMEHHBbIX. PelieHuss NOCTaBIEHHBIX 3ajad
HafljleHI)I B BH]IC 6eCKOHe‘~IHBIX pr,JIOB, JOKa3aHbI paBHOMepHaH CXOOAUMOCTh U BO3MOXHOCTH
NOWIeHHOTO Ju(dEepeHIUpPOBaHUS TPH HEKOTOPHIX YCIOBUSX Ha 3aJlaHHble (DYHKIHUU.
CXonMMOCTh MPOM3BOAHOM BTOPOTO MNOpSAAKAa MO MEPEMEHHOW Y /0Ka3bIBAETCSA € MOMOLIBIO

HepaBeHcTB Komm - BynsikoBckoro u beccens. Ilpu o00cHOBaHWM paBHOMEPHOUW CXOIMMOCTH
pelIeHUs JOKA3bIBAETCA OTCYTCTBHE “Majioro 3HaMeHaTeNs .
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Buziladigan oddiy differensial tenglama uchun nolokal shartli spektral
masalalar

Karimov K.T.12 Toshmatov M.M.2
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20‘zbekiston Respublikasi Fanlar akademiyasi V.l. Romanovskiy nomidagi
Matematika instituti;
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Annotatsiya: Ushbu maqolada buziladigan oddiy differensial tenglama uchun spektral masalalar
go‘yilgan va tadgiq qilingan. Qo‘yilgan masalalarning sanoqli sondagi xos giymatlari va ularga mos
keluvchi xos funksiyalari topilgan. Barcha masalalarning xos funkiyalari Gaussning gipergeometrik
funksiyasi orgali ifodalangan.

Kalit so‘zlar: oddiy differensial tenglama, nolokal shart, xos giymat, xos funksiya, spektral
masala.

AHHOTauua: B gaHHon paboTe cdopmynmpoBaHa M MCCnedoBaHa ChnekTpanbHble 3agayn ans
BblpoXAawLerocs 0ObIKHOBEHHOMO AuddepeHLmanbHoOro ypaBHeHMs. HangeHo CcYéTHoe 4ucno
CODCTBEHHbIX 3HAYEHUI N COOTBETCTBYIOLLME UM CODCTBEHHbIE (DYHKLIMM NOCTaBMNEHHbIX 3agad. Cuctema
cobCcTBEHHbIX OYHKUMI BCEX 3aad Bblipa)kaeTcsl Yepes rmnepreoMeTpuyeckon gyHkumnen Maycca.

KnroueBble cnoBa: obbikHOBeHHOE AndddepeHumnanbHoe ypaBHeHWe, HenoKarbHOe YCMoBueE,
cobCTBEHHOE 3HaYeHne, COBCTBEHHAs (OYHKUMSA, cnekTpanbHas 3ajada.

Abstract. In this paper, spectral problems for a degenerate ordinary differential equation are
formulated and investigated. A countable number of eigenvalues and corresponding eigenfunctions of the
problems are found. The system of eigenfunctions of all problems is expressed through the Gauss
hypergeometric function.

Key words: ordinary differential equation, nonlocal condition, eigenvalue, eigenfunction, spectral
problem.

1. KIRISH Biz bu ishda buziladigan oddiy

A parametrning shunday giymatlari differensial tenglama uchun nolokal shartli
topilsinki, bu giymatlarda spektral masalalarni tadqiq gilamiz.

Llyl = —2p(x)y(x), xe(a,b) (A) A1 masala. Quyidagi

S"(p) + 4B ctg2¢ S'(¢) +uS(p) =0,
differensial tenglamaning [a,b] segmentda 1)
aniglangan, uzliksiz va chegaraviy tenglamaning
Emly] =0, m=Tn (B) 450 =5(5),
chegaraviy shartlarni ganoatlantiruvchi trivial _ 8 . 2 28 ,
bo’lmagan yechimi mavjud bo’lsin, bu yerda q (lpl_rf}) (sin“? ) S'(¢) hir,lr (cos*” @) S' ()
A -sonli parametr, p(x) -berilgan funksiya, “72 @)

y(x)-noma’lum funksiya. nolokal chegaraviy shartlarni ganoatlantiruvchi

masalalgrda;d?ektrzlljncrjsgsalzg?;d%ebqoagllggin trivial bo‘lmagan yechimi topilsin, bu yeraa
P * B, qeR, jumladan Be(0,1/2).

{(A),(B)} masalaning trivial bo‘lmagan .
L : A2 masala. (1) tenglamanin
yechimlari mavjud bo‘lgan A ning giymatlari, »masala. (1) tenglamaning

bu masalaning xos giymatlari(sonlari) deb, qS(0) =S G)
bu giymatlarga mos trivialmas yechimlar esa lim (cos? ¢) S'(p) =0 (3
xos funksiyalari deb ataladi. =3

Ma’lumki (A) ko‘rinishidagi nolokal chegaraviy shartlarni

differensial tenglamalar uchun chegaraviy
masalalar o‘rganishda chegaraviy shartlar
nafaqat (B) ko‘rinishida, balki boshqa
ko‘rinishlarda ham berilishi mumkin. Shunga
mos ravishda spektral masalalarda ham
chegaraviy shartlar (B) dan boshgacharoq
berilishi mumkin.
2. MASALANING QO“YILISHI VA
ASOSIY NATIJA

qanoatlantiruvchi trivial bo‘lmagan yechimi
topilsin.
Asmasala. (1) tenglamaning

T
qs(0) =S (E)’
lim (sin? ) S'(p) =0 (4)
(p—)
nolakal chegaraviy shartlarni

ganoatlantiruvchi trivial bo‘lmagan yechimi
topilsin.
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A4 masala. (1) tenglamaning
$(0) =0, qlim (sin® ¢)S'(¢) =
[0

lim, (cos®F @) S"(¢) (5)
(e
nolakal chegaraviy shartlarni
ganoatlantiruvchi trivial bo‘lmagan yechimi
topilsin.

As masala. (1) tenglamaning
E — . . ZB 1] —
5(2) 0, qggrg) (sin“ @) S ()
lin, (cos* ¢) S'(¢) (6)
(e
nolakal chegaraviy shartlarni
ganoatlantiruvchi trivial bo‘lmagan yechimi
topilsin.

Birinchi bo‘lib, A1 masalani tadqiq
gilamiz.

(1) tenglamaning umumiy yechimi [1]
ishda topilgan bo‘lib u quyidagi ko‘rinishga
ega:
S(p) =
o F ([)’
+c,(sin? (p)z ﬂF(

()

bu yerda c; va c, ixtiyoriy o‘zgarmas sonlar,
F(...) esa  Gaussning  gipergeometrik

funksiyasi [2], w = /u + 482
(7) funksiyani (2) shartning
birinchisiga bo‘ysundiramiz va ma’lum
bo‘lgan [2]
. __ T(@r(c—a-b)
Fla,b;c;1) = I'(c—a)['(c-b)
formulani e’tiborga olib quyidagiga ega
bo‘lamiz:
; (M _ q> N
N\
r(>-8)r(s-
LT o ©
r(1-p+3)r(1-p-3)
Endi (7) funksiyaning hosilasini
hisoblaymiz:

[3+ B+= sin2<p>+

1w1+a)3
=5, Bisin’ o),

, C-a-b>0

2‘02

/ B
S'(p) = 1+B4

2

@ w 3 )
2 148 +2;24 Bsin g0)+

sin2<pF(1+ﬁ—

1
+C2(_
— B) sin2¢ (sin? p) 2 BF<1 @ 1+_a) !
2 2 2
—ﬁ;sinzgo).

72

Bu ifodani Gauss gipergeometrik
funksiyasi uchun o‘rinli bo‘lgan
F(a,b;c;x) = (1 —x)"*PF(c—a,c—
b; c; x)
avtotransformatsiya formulasini [2] qo‘llab,
quyidagicha yozishimiz mumkin:

2 _ 2

S'(p) = clwsin(p cos 2B ¢
l1+w 1—w 3
e

+c,(1 —2B) sin 23 @pcos 2P g
1 :
F(5-B—5-Bi3—Bisinte). (9
(9) ni  (2) shartning ikkinchisiga
bo‘ysundirib, quyidagiga ega bo'lamiz:
limq (sin® ) §'(@)=c2q(1 - 2),
(p—)
limy, (cos®# ) S'(p)=
2

4B?% — w? w w 3
=C1—F(1+—,1—E;,3+E;1>

26 + 1 2
+cu w 1
+e,(1=20)F (5= B, =5 = fiy— B 1)
R
P 2p+1 ri+-3)r(1+5+%)
+
1 1
IG - BIG +B)
tep(1—28) —2—
i rdS9rdEey
r(g+5)r(s %)Jr
w w
r(p-3)r(p+3)
cx(1 - 26) ) = E;f) )=0.
(10)

Natijada bizda c; va c, ga nisbatan
{(8),(10)} tenglamalar sistemasi hosil bo‘ldi.
Bu sistemani yechishda quyidagi

Fra)r(1—a) =—
sin an
ma’lum formuladan [2] foydalanganimiz
va g=1 deb olinganda

m(%ﬂs’)n | <%—ﬁ)n=

Sin

2
trigonometrik tenglama paydo bo ladi.
Bu trigonometrik tenglamani yechib

oV = (4n-2p),
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w,(f) = (4n+2B), n € N ni hosil gilamiz
so‘ngra

73

%) N0 L
C1F<,8——,B+ ; B+—'sin2(p>+

1- a)U) 1+w(’) 3

w=+pu+4p? formuladan foydalanib, ¢, (sin? (p)z ﬁF( et
go‘yilgan nolokal masalaning X08 L o
giymatlarini 1" = 16n2 — 168n, B;sin (p>’ J=12.
u® = 1602 + 168n, neN Az masala uchun:
ko‘rinishida  yozib  olamiz. w, ning ,ufll) = 16n% — 16fn,
ko‘rinishini inobatga olib ,  p, X0S u? = 16n2 + 166n, neN,
giymatlarga mos xos funksiyalarni quyidagi o 0 w9
ko‘rinishda hosil gilamiz: S (@) = ciF (ﬁ — 2L B+ B+
J
Sa(p) %; sin? (p),j =1.2.
= F (ﬁ -—.B +on = B + ; sin? (p) A4 masala uchun:
1 1 —w, 1 + W, 3 n _ 2 _
+c; (Sil’l2 §0)2 PR ( = ) - 'S (2)'“71 = lon 164m,
2 2 2 Wy = 16n? + 16fn, neN
- Bising), j=T12 5P 9) =
Xuddi shunday  usul yordamida . (ginZ o)z FF (1 1oy vy 3
golgan masalalarning xos giymatlari va xos 2 2 2
funksiyalari quydagicha topilgan. f3; sin? (p),j =12.
A2 masala uchun: ]
O _ 1672 — 168n As masala U(CI’)]UI’].
- ) 1
) ’u—nl6nz + 16fn nenN o = 160"~ 16fm,
Hn . ’ ,u,(f) = 16n? + 16fn, neN
wg]) — / )] + 42, ( Sr(lj)(<p) —
§))
59() = F(ﬁ—ﬂ.ﬁ+3-ﬁ+l-sin2<p)+
)] (6]
B 1-w,” 1+wy’ 3
ca(sin? ) (1o e 2
Bisin ), j =
ADABIYOTLAR
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PeweHne KpaeBOoM 3ajavunm AOnsa ypaBHEHUSA TpeTbero nopsgka c
nepemMeHHbIMU KoacppunumeHTammn

Anakos KOcymxoH MNynatosny' 2?3

Ymapos Paxmatunna Akpamosuy*®
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AHHOTauuA. B paboTe paccmatpuBaeTcs HeCUMMETPUYHAas kpaeBasi 3ajada Mo BpeEMEHU B
npsiMoyronbHon obnactn Ans HeOQHOPOAHOrO ypaBHEHWS TPETbEero Mopsaka C Magwumun YrneHamu.
EOVHCTBEHHOCTb pelueHnst MOCTaBNEHHOW 3ajayM [oKka3aHa MEeTOAOM WHTerpanbHbiX TOXOECTB.
PelweHve 3agadv NocTpoeHo B Buae CyMMbl psida Mo cucTteme coOCTBEHHbIX yHKumn. lMpuBeaeHo
060CHOBaHNE CXOAMMOCTU NMOCTPOEHHOTO B KIacce perynsipHbiX peLueHuii.

KnioueBble cnoBa: [OudpdepeHunansHoe ypaBHeHME, TPeTUA  MNOPSAOOK,  KpaTHble
XapakTepucTUKW, HECUMMETPUYHOE YCIOBKE, PErynsipHOe pelleHne, eAUHCTBEHHOCTb, CYLLECTBOBaHUeE,
dyHKUMA [puHa.

Annotatsiya. Magolada uchinchi tartibli kichik tartibli hosilalarga ega bo'lgan bir jinsli bo‘lmagan
tenglama uchun to'rtburchaklar sohada vaqt bo'yicha simetrik bo‘lmagan chegaraviy masala ko'rib
chigiladi. Masala yechimining yagonaligi inergiya integrallari usulida isbotlangan. Masala yechimi xos
funksiyalar sistemasi yig‘indisi ko'rinishida topilgan. Topilgan yechimni yaginlashuvchiligi berilgan sinfda
isbotlangan.

Kalit so‘zlar: Differensial tenglama, uchinchi tartib, karrali xarakteristikali tenglama, simetrik
bo‘lmagan shart, regulyar yechim, yagonalik, mavjudlik, Grin funktsiyasi.

Abstract. The paper considers an asymmetric boundary value problem in time in a rectangular
domain for a third-order inhomogeneous equation with lower terms. The uniqueness of the solution to the
problem is proved by the method of integral identities. The solution to the problem is constructed as a
sum of a series in a system of eigenfunctions. The convergence of the constructed solution in the class of
regular solutions is substantiated.

Keywords: Differential equation, third order, multiple characteristics, asymmetric condition,
regular solution, uniqueness, existence, Green's function.

1. BBenenue

NuddepeHnmanbupie  ypaBHEHHS B IlepBole pe3yabTaThl 10 YPABHEHHUIO
YAaCTHBIX MPOM3BOJHBIX TPETHETO TMOPSAAKA TPETHETO MOpsIIKa c KPaTHBIMH
paccMaTpHuBaeTCs MMPH PEIIEHUH 3a]a4 TEOPUH  XApAaKTEPUCTHKAMH  OBUIM  TOJYYEHBI B
HEJIMHEHHOM aKyCTUKH u B paborax H. Block [4], E. DelVecehio[5].

TUAPOJUHAMUYECKOH TEOPUU KOCMHUYECKOU

T1a3Mbl, QUIBTPAIIMU KUIKOCTH B MOPHCTHIX
D2n+1 D2 _ 0
cpenax [1]. L, Uu—Du= TIOCTPOMIT

L. Catabriga B paGore [6] mnst ypaBHEHHS

B paGore [2], yuutThiBas CBOICTBAa (hyHIAMEHTAILHOE PEIIEHHE B BHIE JIBOMHOIO
BA3KOCTM M TEIUIONPOBOJHOCTH Tra3a, W3 HECOOCTBEHHOTO  HWHTErpaia ¥ H3YYHI
cucrembl HaBbe-CTokca OBUIO IOIY4EHO CBOWCTBAa IIOTEHIMAa, PEIINI  KPAcBBIE
ypaBHEHHE TPETHETO TOPSAAKA C KPAaTHBIMH  3a7a4yH.

XapaKTepUCTUKAMM,  COJEp)KAIlEee BTOPYIO

HPOW3BOJHYIO T BpeMeEHH, t = B paboTtax [7-8] IIOCTPOEHBI
(GyHmaMeHTanbHBIE  pelIeHHs  ypaBHEHHS

v TPeThero nopsKa c KPaTHBIMU

Ug +Uy ——Uy =UUy, V=CONSL. yapakrepucTikaMn, —coepikalde  BTOpBIE

y IIPOM3BOJHBIE 110 BPEMEHH, BBIPAKCHHBIC

10 YpaBHEHUE TIPU v =1 ommceiBaeT Y€pe3 BBIPOXKICHHBIC THUIIEPTEOMETPUYCCKHUE

OCECHMMETpHYHEIH TIOTOK, a mnpu v =0 GYHKIHH, H3yYCHBl HX CBOWCTBA, Haii/ieHa
ONMMCHIBACT ILIOCKO - TApajIelbHbi IOTOK OLCHKH IIPH OOIBIIMX 3HAYCHUSX BPEMCHH.

[3]. B pa6orax [9-14], paccMOTpeHBI
KpaeBble 3aJa4yu JUIsl YPAaBHEHUN TPETHETO
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MOPSIIKA C KPATHBIMU XapaKTEPUCTUKAMH, TIPU
MOMOIIH ocTpoeHus pyHkuu ['puna.

B  pabGorax [15-18] wuccnenyroTcs
KpaeBbIC 33/1a4M /Il yPAaBHEHUH CMEIIAHHOTO
TUNA  TPEThEro  MOpsjAKa, TPU  ITOM

pa3paboraHHasi MeToUKa ObLIa CYLICCTBEHHO
UCTIOJIb30BaHa B ATHX UCCIIEAOBaHMIX. Takxke,

75

orMeTuM  pabotel [19-22], B  KOTOpBIX,
PAacCMOTPEHBI KpaeBbIe 3aauyl JUIl YpaBHEHUH
TpeTtbero rmopsiaka. B paborax [23-25]
HalJeHbl pELIeHUS KpaeBbIX 3aJauyd C
CUMMETPHYHBIMH YCIIOBHSIMHU IO BPEMEHH TSI
YPaBHEHUH TPETHETO MOPSIIKA C TIOCTOSIHHBIMU
KO3 pHUIIHEHTAMH.

2. [TocTaHoBKA 3a1a4M ¥ €ITHHCTBEHHOCTDb PelIeHUus

B o6mactu D= {(X, y) :0<x<p,0<y<q } pPaccCMOTpPUM CIICIYIOIIee ypaBHEHUE

TPETHEro MOPsIAKA B BUJA

Lu)=U,, -U, +A(X)U, +A (X)U, + A (x)U + AU, =g,(x,y), (1)
roe p, 9, A €R, A (X), i=1,3, 0,(X,y) 3amaHHbBIC JOCTATOYHO IIAAKKHE QYHKIMH B D.

3ameHon

U(xy) :exp[—%:[Al(é)dg+%yJu(x, y),

ypaBHeHue (1) MOXKHO MPUBECTH K BUIY

rIe

1

3 (x)==A"(X) =3 A () + A, (x),

() =~ A" (X)+ 2 A (x)-

U, _uyy +a1(x)ux +a2(X)U = g(X! y)’ (2)
SA(X)A )+ A (x)+ 5
)dé—%y]gl(x,y)-

9(x,y) =exp[§j/x(¢

3agaua A Haiftu pyrkumio U(X,Y) u3 kiacca ij (D) Cf; (5) , YIOBJIETBOPSIOILYIO

YpaBHEHUIO (2) U CIEAYIONINM KPAEBbIM yCIOBHUSM:

u(x,0)=0,
Uy (0,) =4 (Y),

u(p,y)=v,(y),

u,(x,q)=0, 0<x<p, (3)

u (p.y)=w,(y), 0<y<q, (4)

rae v, (y), X € [0, p], i=13, g (X, y) 3aJlaHHBIE JJOCTATOYHO TIaKKUe (QYHKIUH.

Teopema 1. Ecnm 3amaua A uMeeT pelleHHe, TO MPU BBHINOJHEHUHM YCIOBUH

a,(0)<0, a,(x) —%ai’ (x) >0, OHO EAMHCTBEHHO.

Hoxazamenvcmeo. Ilpeanonoxum, obparnoe. Ilycts 3amaya A uMeeT JIBa pelICHHS

ul(x,y) u uz(x,y). Torna  ¢yHKIMS

u(xy)=u (xy)=u (xy)

YAOBJICTBOPSACT

OJHOPOJHOMY ypaBHCHHIO (2) C OJHOPOJHBIMH KpaeBBIMH YCIOBHSIMHU. JloKakeMm, dYTO

u(x,y)=0s8D.

B o6mactu D cnpaBenimBo TOXIECTBO

uL[u] = wu,, —uu,, +a, (x)uu, +a, (x)u2 =0,

N

OX

0 1, 1 2 0 2 1, 2
—(uuxx—zux+za1(x)u j—a(uuy)+uy+(a2(x)—§a1(x)ju =0.

WuTerpupyem 310 ToxIecTBO B o0igactu D yuuThIBas OMHOPOAHBIE KpaeBbIe YCIOBHUS,

MIOJIyYUM
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Eciu a, () —%ai’ (x) >0, u3 uerBéproro cnaraemoro, momyaum U(X, y)=0, (x,y)e D. Ecim,

a, (x)—%a{(x) =0 TOrza W3 TpeThero ciaraemMoro U, (X, y) =0. Orcrona u(x, y) = f(X).

YuuteiBas KpaeBble yciioBue (3), MoJydum u(x,0)= f(X)=0. Torna umeem u(x, y)zO.

Teopema oka3zaHa.
3ameuyanue. OTMeTuM, 4YTO TIpM HAPYIIEHUH YCIOBHM Teopembl 1, T.e.

ai(O) >0, a, (X) <0 omHOponHast 3amaua A s OJHOPOJHOTO ypaBHEHHS (2) MOXET UMETh
HEeTpUBHaJIbHOE perieHue. Hanpumep, ypaBHeHue
2 2
(2k +1)7z' 72'(2n—l)
u., (X ——— | u (xy)-| ———=| u(x,y)-u,(x,y)=0,
0o [ T )< [ ZE D ), (1
C OJJTHOPOJHBIMU yclI0BUsIMH (3)-(4) HMeeT HETPUBUAIILHOE PELLIEHUE
a . [(2k+1 ) 2n-1
u(x, y) = {H(—l)k lsm((z;p);Z xDsm[ﬂ(+q) yJ, n,k € N.

3. CymecTBOBaHHE pellIeHUs
Teopema 2. Eciiu BBINOTHSIOTCS CICIYIOIINE YCIOBHUS:

1) g(x,0)=g,(xa)=0, Wec[o,q], 0<x<p;

2) v, (0) = V/il(q) = ‘//i"(o) =0,y (0) = ‘//il(q) = '//i”(o) =0
< <L'

30<Q Kp(l+4)'

4) a,(0)=0,

2
TO pemleHMe 3ajaud A cymiecTByeT.  31ech C:max{|a1|,|a2|}, A = (f),

K= E[l— exp{— 2\/57[ Bl
3 3

Mokazamenvcmeo. Penieaue 3agaun A UIEeM B BUJC
u(xy) =2 X, ()Y, (¥) ©)
n=1

ITocTaBmstst (6) B ypaBHeHue (2) 1o nepeMeHHOit Y, (y) , TOJIyYUM CJIEAYIOLIYIO 33734y

IlIrypma-JInyBuiis:

Y+ 2%, =0,
{ , ()
Y, (0) =Y, (a)=0.
CoOcTBeHHbBIE 3HAYCHUS 3a/1a4 (7) UMEET BU]I
2
zj:[mj L n=12,... (8)
2q

CootBercTBYyIOIas COOCTBEHHAs PyHKIMS 3a1a4H (/) UMEeT BU:
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Y, (y) = F sin[M yj ©)
q 2q

N3BectHO [26], uTO opTOHOpMUpOBaHHas cuctema ¢pynkuuii (9) monxa B L, (0, q) .

Paznoxum ¢ (X, y) B psa ypre no {Yn (y)} :

g(x, y)=§9n(X)Yn(y),

q
rjae gn(x):J.g(X,n)Yn(y)dn. Wuterpupyem  QyHKIMIO gn(x) [0 4YacTsM JiBa pas3a HU
0

YUUTBIBas YCIOBUSI 1 TEOPEMBI 2 UMEEM OLIEHKY

q
3neck J, (X)= J.gn (x,17)Y,(n7)dn, M —const.
0

B nanpHelimeM Ui BceX HaWACHHBIX W3BECTHBIX ITOJIOKUATENBHBIX ITOCTOSHHBIX BBEIEM
o0o3HavyeHune oHoI OykBoit M.

Ilo nepemenHoii X, (X), momyunm cenyroutyio 3axady:
{X,;”+a1(x) X! +a, (X)X, + 42X, =g, (x),

(10)
Xr:,(o) = l/lln’ Xn (p) :l//Zn' xr:(p) :l//3n'

q —
rae ¥, = Il,{/i (77)Yn (77) dn, 1 =1,3. VuursiBas ycioBue 2 TEOPEMBI 2 1 HHTETPUPYS O YACTAM
0

Vi, TpH pa3a, HaXOJUM OLICHKY:

|V/in|SM|l:;n|1i:]T3’ (11)
q
re ¥, = " (U)COS%nndn-
0
C nomorpio GyHKINUN
V, (x) =X, (x)=p, (x) (12)
U3MEHUM I'paHUYHBIE YCIOBUS Ha OJIHOPOIHBIE.
OyHKIUA p(X) AMEET BHUJ:
pn(X)=l//2n—v/3np+W21“ p2+(c//3n—l//1np)><+%x2- (13)

[Moncrapmnsist (12) B (10) momyunm 3amaqy
{V'"mjv =221, (X)—a (X)V'—a, (X)V, 14
V*(0)=V (p)=V'(p) =0

3J€Ch

fn(x):(awx)p—a1<x>x+az<x>px_az<x> ALIULES pxj%n_

2 27
g, (x)

+ p_XJW3n+ ﬂ:

_(az(x>+1j%n+£a2<x>p—a1<x>—az<x>x

2 2

n
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q
g X
f ( )‘<M|V/1n|+M|l//2n|+M|l//3n|+M ( )<

2 13_
[Pl ¥l | [Panl | Ta(X))_M 1
gM[ n; + ni + ng + = £F£|‘Pln|+|‘{’2n|+|\1’3n|+ﬁ

2
Uz f, (), yaursisas 1° = (ﬂ—nj , IMEEM OIICHKY:

g, (X)\j-

(x)|j. (15)

3anayva (14) sxBUBajIeHTHA UHTETPO-TUDHEepEeHIINATEHOMY YPaBHEHUIO

V, (x)= 2 [, (x &), (£)de - [G, (x &) (£)V, (£)dé -

OcranbHbIC OLICHKHU IMOJIYYHUM aHaJIOTMYHO, TOrJa HMEECM

, M 1.,
0 (1244 e

p (16)
-[G,(x.&)a, (£)V, (£)d¢,
rne G, (X, & ) ¢byukuus ['puna 3agaun (14), koTopast 00s1aaetT CASAYIOIMMH CBOHCTBAMU:
Te (x4, e, (x.)=
Gi (0:6) =Gy, (P.€) =Gy (P,) =0 A7)
G, (¢,6) -Gy, (€,8)=0;
Gan (é:’ é:) 1nx ((: ég) = 01 (18)
Ganx (é:v é:) 1nxx ( 5) = 1
Oyukuus ['puna 3anaun (14) umeer Bua:
[Gn(x¢), 0=<x<¢,
CA{G i texer

31€Ch

4 _p
G, (X&) = 312;%( g £2e (p 2] cos(?ﬁnf] - ZeAﬂ[g ZJ cos(?in p]} —
_ 2e_%( p-x) [eﬂnf + 2e_%‘5 cos[? l@ﬁsin [g&n (p—x)+ %J +
Lo -
N Zezn(z 2j [eznp + 2e7)bnp co{gﬂn pﬁsin[? A (E—x)+ %n

by
G,, (x.&)= L _(e”+2e 2 cos(g/lngn.

312eMPA

Ay
-{ei"(p‘x)—Ze 27 )sin(gln(p—X)Jr%D.

Jlerko MoHO, yoemuTcs, uto GyHKIUs, onpeaeneHHas dopmynoit (19) obnamaer Bcemu
CBOliCcTBaMH, C(HOPMYITHPOBAHHBIC TIPH orpeneneHuu GyHkun [ puHa.

Ouenka G, (X, & ) AMEET BUI
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e

HHuTerpupys mo vactsam BTopoit uHTerpai B (16), nmeem

V, ()= 2[6, (x.&)f, (£)dé+

K
<—. 20
2 (20)

21
J[ s 00 c)(a (- () el -
Jlst y06CTBA BBEEM 0603HAUEHHS
Vi (1) =226, (£}, (£)0
6,16 = 22255 (6) v, (n)(al (4) -2, (4), @)
Torxa (21) npumer Bi
+jén (%, &)V, (&)de. (23)

Hcrionb3ys paBeHcTBO (22), uMeeM oneHKy st G, (X f) B BUJIC

5 <@ ) s (@) fles £k Jee

VYpaBHenue (23) sBIsieTCS MHTETpaIbHBIM ypaBHeHHeM DpearonbMa BTOPOro poja. 3amuiieM
pemrenne (23) ¢ TOMOIIBIO Pe30JIBBEHTHI B BUJIE

V, (X) =Vs, (x)+ERn (X, )WVon (£)dE

rac

o0

R, (x,¢)=G, +Zamx§ (24)

m=;

31ECh
2 (X&) :JFl (s,&)ds, m=1,2,.. Gon (X&) =G, (X,5).

Onennm pemeHne (24). 13

R, (X&) =Gy, (X, &)+ Gy, (%, E)+Gy (X, &) +..+ Gy, (X,E) +

HaIEM OLIEHKY

&)< ‘GOn (x,(f)‘ +‘Gln (x,(f)‘ +‘C_52n (x,(f)‘ +o +‘C—5mn (x,f)‘ +o

Jlis mpaBol YacTHM 53TOr0 HEPABEHCTBO COCTAaBUM MaKopupyroumui psa. Baens

o00o3HayeHue
J= (i + izj KQ,
A A

HaXO0JIUM
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G, (x¢&)|< KQ(%+%} < %Jp,

n n

Gy (x.€)|<
G, (&) < [|Gs stGmsf\ds<p p?,

p
Gsy (X, §)‘£_HG (%,5)[Gon (5.8 ‘ds B’ J3°pd,
0

Torma MaXOpUPYIOIIMI Pl UMEET BUL

S 2P
Ecnu cnpaBennnBo HepaBeHCTBO Jp <1, TO 3TOT psij sABNseTCS OECKOHEYHO yOBIBAIOIICH
reoMeTpUUYecKor mporpeccueit. Toraa T0KHO BBITIOJIHITHCS COOTHOIICHHE
1 1 1
—+— |KQ<—
Z P
&2
Kp(1+4)
CylecTByOT psl 3HAYEHUH 4YHUCEI, KOTOPHIE YAOBIETBOPSIOT 3TOMY HEPABEHCTBY.
Hampumep, eciu p=1, =1, o umeem KQ < 2,38.
B sToM citydyae pe3osibBEHTa paBHOMEPHO CXOJIUTHCS, U €€ OLIEHKA UMEET BUJT

J
|R(x,§)|s1_Jp£M (25)

Orcrona umeem Q <

Moxcranss G, (X, &)= j nezz (X,&) B Vy, (X) U MHTETPUPYsl, UMEEM

n

G, () f, (£)d¢.

O'—.'o

Von (%) = =1, () +Go (x, P) £, (P) -

YuwureiBas oneHku (15) u
Gonie (%,0)| < K, |Gy (%, P)| < K, [z (X, €)| <

MoJIy4yaeM

(0) +1a.

g, (x))), (26)

x)|+|g,

M
Von (X)] < F(|qjl"|+ ¥, |+
N3 (25) u (26) Honyth OLICHKY
M [ _ _ _ —
Vo (X)) < Von (X IIR (%&)Van (£)|d€ SF(EI‘Pmlﬂgn (X)]+[8, (0)]+[g, (p)[+[8; (X)U-
B cuny (6) u (12) penieHue 3a1auyu A uMeeT BUJ

u(x,y)= i(vn (X)+p, (x))sin(”(%}_l) yJ.

n=1

3n

[IpoBepum 3TO pelIeHHE HA CXOAUMOCTD. Y YUTHIBAsI OLICHKY

M
Pn (X)| < n—3(|‘Pln|+ W] + |‘P3n|)’

HNMEEM
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g, (0)+[3. (p) +

u(xy)| Sg(M ()] +le (Z ¥, | +[g, ()| + g, <X)U-

Ilokaxem cxomuMoCThb U, (X, y) [Tocie HEKOTOPBIX BBIYMCIECHUH, HAXOIUM V'"( ) B

() <MY~

~n

CJICTYIOIEM BHJIC.

VIX) = 26, (v(;n X +IRM gj
—az(VOH(X)+IRH(X,§)V0n(é)dfl—lj{VOH(X)+iRn(X,f)VOn(f)dEj}.
V

(%) ==, () + G (,P) T, (p) - j%(x &)F! (£)de,

3mech

Von (X) = = 1(X) + Gy (%, P) _[Gnééx X&)ty (£)ds.
Hcnonw3ys ouenku (26) u cBoiicTBa ¢pyHkius ['pruHa Haxoqum

, M _ _ _
Vo ()] < =5 ([¥on |+ W0 |+ 20| +]T, (%) +[3, (0)] +]7, ()] +
n3

2

R, (X%.£) <n3M,

HaxoauM
2

AUEE AL

g, (0)/+

g, (X)\]-

g.(p)|+

g, (%)) +

in

Torna nmeem
2.1 _ _ _
U (X, Y)| <M Zz_l:ﬁ(|\P1”|+|\P2"|+|T3“|+ 19, (x)|+|3, (0)|+|g, (p)|+

Hcnons3ys HepaBencTBa Komm-byHsakosckoro u beccens:

oy [Speaf Sl o S «

D0y [Sla.of + [Sa e + Sl |2 <
mz (nw;n o

L,(0,9) L,(0,) +
+H9y( L20q Hg LZOq Hg LZOq *gy (x )Lz(OYQ))<OO'
31ech
Z|‘Pin|2 <|lw =13, 2l (X)‘Z SHgv( ) iz(o,q)
n=1 (0.9) n=1
o -1 7’
S04 P o, 0 I

YuuTeiBasi HEPAaBEHCTBO
Uy, (6 V)| < [ (% Y]+ ]34 (%)

MOXXHO 3aKJIFOYHUTDH YTO U Uyy TOXKE CXOAUTCA.

u, (% )|+ 2, (3)Ju(xy)l;
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U3 pemenns 3anaun (14) momyduM perieHue 3a1aud A B SBHOM BHJIC:

u(x,y) = i[z:fen (%6, (§)d§+I(G_n (46)+ 3.6 (x,z;)jVOn (&)deé+

n=1 0

, (X))Sin[

Takum oOpa3om, KoKa3aHa Teopema.

7[(2n—1)

2q y).
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Kesik kubda ikkita aktiv bitta sust quvlovchilar va bir gochuvchining
differensial o‘yini

A.A.Adahamov, K.S.Kozimjonov

Annotatsiya. Ushbu ishda kesik kub qirralari bo‘ylab harakatlanuvchi uch quvlovchi va bir
gochuvchining quvlash differensial o'yinini o‘rganilgan. Qochuvchining va ikki quvlovchining maksimal
tezligi p;, = 1 va o = 1 ga, uchinchi quvlovchining maksimal tezligi esa 1/2 < p; < 1 ga teng. Agar biror
quvlovchi va gochuvchining geometrik holatlari ustma-ust tushsa, qochuvchi tutilgan hisoblanadi.
O'yinchilarning kesik kub qirralaridagi ixtiyoriy boshlang‘ich holatlari uchun gochuvchini tutish mumkinligi
isbotlangan. Bundan tashgari, quvlovchilar uchun tutish strategiyalari ham qurilgan.

Kalit so‘zlar: Differensial o‘yin, qochuvchi, quvlovchi, geometrik holat, kesik kub, joiz boshqgaruvi,
strategiya.

AHHoOTaumA. B pgaHHol paboTe uccnepyetcs anddepeHumanbHas urpa npecnegoBaHvst Ha
yceueHHoM Kybe, rae Tpu npecnenoBaTens M ogvH yberawwmi nepemeLLaroTcs no pebpam yceuyeHHoro
Ky6a. MakcumarnbHble CKOpocTu yberatollero u AByx npecrnegosaTenen pasHbl p;, =1 u o=1, a
MakcumaribHasi CKOpPOCTb TpeTbero npecnegosatenst coctaeBnsgeTr 1/2 < p; < 1. Cuutaetcsd, u4TO
yberatooLwmn nonmaH, ecrnm reoMeTpudeckne NonoXeHnsa Kakoro-nubo npecneposatens u yberatoLiero
coBnagatoT. [lokazaHo, 4To yberawLLero MoXHo noMaTb ANs NbbIX Ha4arbHbIX NMOSIOXXEHUA UTPOKOB Ha
pebpax yceyeHHoro kyba. Kpome Toro, noctpoeHsl cTpaTternm npecnefoBaHns Ans npecrnegoBaTenen.

KnioueBble cnoBa: [uddepeHumanbHas urpa, yderarowmin, npecrnegoBartenb, reOMeTpuyeckoe
NornoXeHue, yceveHHblli Ky, 4ONyCcTUMOe ynpaBneHue, cTpaTerusi.

Abstract. This work investigates a pursuit differential game on a truncated cube, where three
pursuers and one evader move along the edges of the truncated cube. The maximum speeds of the
evader and two pursuers are p;, =1 and o =1, respectively, and the maximum speed of the third
pursuer is 1/2 < p; < 1. The evader is considered captured if the geometric positions of any pursuer and
the evader coincide. It is proven that the evader can be captured for any initial positions of the players on
the edges of the truncated cube. Furthermore, pursuit strategies for the pursuers are constructed.

Keywords: Differential game, evader, pursuer, geometric position, truncated cube, admissible
control, strategy.

. KIRISH Lev Pontryagin formarizatsiga ko‘ra,
differensial o‘yin ikkita nuqtai nazardan
garaladi: quvlovchi hamda gochuvchi. Bundan
tashgari Lev Pontryagin nol cheksiz oraliqda
qochib ketish masalari bo‘yicha ham juda ulkan

Bunday masalalarini o‘rganish sal
avvalroq boshlangan bo‘lishiga garamasdan,
differensial o‘yin  tushunchasi amerikalik
matematik Rufus Isaacs tomonidan fanga

kiritilgan. Uning “Differensial o‘yinlar” nomli nat”allar. bOI‘gé.ml'l L'elllk' Pontlrli/agln d quvl(a;h
kitobida u birinchi bo‘lib differensial o‘yinlar Masaiar! HO L 1ta v an meto Yaiatdll-
tushunchasini kiritgan. Hozirgacha U Mmetodiar

Pontryaginning birinchi metodi va

Keyinchali ~ boshga  matematiklar
tomonidan differensial o‘yinlarning bir nechta
matematik asoslari ya’ni boshqacha qilib
aytganda matematik formarizatsiyas yaratildi.
Shulardan biri Lev Pontryagin tomonidan
yaratildi. Differensial o‘yinlarning bir nechta
formarizatsiyasi bor. Bulardan asosan ikkitasini
aytib o‘tishimiz mumkin. Shulardan biri Lev
Pontryagin tomonidan taklif qgilingan
formarizatsiya. Differensial o‘yinlarda
“Trayektoriya  qanday qaraladi?”
“Trayektoriya ~deb  nimaga  aytiladi?” |,
“Strategiya ~ nima?” kabi savollarga javob
berish kerak bo‘ladi. Lev Pontryagin mana shu
savollarga javob berib, trayektoriyani aniglab
differensial o‘yinlarga formarizatsiya yaratgan.

Pontryaginning ikkinchi metodi deb yuritiladi.

Differensial ~ o‘yinlarnin  ikkinchi
formarizatsiyasi Nikolay Krasovskiiga tegishli.
Krasovskiy ilmiy maktabinin matematiklari
tomonidan Isaacs metodi to‘la asoslandi va u
yerda zarur va yetarli shartlar darajasiga
ko‘tarildi. Chunki Isaacs tenglamasi
umumanolganda yechimga ega bo‘lmasligi yoki
bitta yechimga ega bo‘lishi yoki cheksiz ko‘p
yechimga ega bo‘lishi mumkin.

Endi jahon matematikasiga salmoqli
hissa qo‘shgan, differensial o‘yinlar bo‘yicha
ulkan metodlar yaratgan matematiklarimi bilan
tanishib chigamiz. Shulardan biri No‘monov
Yunusovich  Satimov. Satimov tomonidan

Scientific Bulletin. Physical and Mathematical Research Vol 7. Iss 2. 2025



MATHEMATICS

differensial o‘yinlar bo‘yicha uchinchi metod
yaratilgan. Bundan tashqgari No‘mon
Yunusovich Satimov O‘zbekistonga differensial
o‘yinlar sohasini birinchi bo‘lib olib kirgan
matematik hisoblanadi. No‘mon Yunusovich
Satimov tomonidan nafaqat differensial o‘yinlar
sohasida  balki  matematikaning  boshga
sohalarida ham chuqur natijalar olingan.

Jahon matematikasiga salmoqli hissa
go‘shgan, differensial o‘yinlar sohasida katta bir
metod yaratgan navbatdagi matematigimiz
O‘zbekiston Fanlar Akademiyasi akademigi,
fizika matematika fanlari doktori, O‘zbekiston
matematika  jamiyatining  raisi  Abdulla
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Azamovdir. Bu matematik nafagat differensial
o‘yinlar sohasida balki matematikaningbarcha
sohalarida ulkan natijalar olgan. Differensia
o‘yinla sohasida katta bir metod yaratgan. Bu
metod Azamovning to‘rtinchi metodi deb
yuritiladi.

Joriy ishda kesik kub K (1-rasm)
qirralari bo‘ylab quvlash differensial o‘yinini
o‘rganiladi. Barcha o‘yinchilar kesik kubning
qirralari bo‘ylab harakat qilishadi. Ixtiyoriy
boshlang‘ich holatdan o‘yinni tugatish uchun
quvlovchilarning tezliklariga shart olingan.
Bundan tashgari, quvlovchilar uchun tutish
strategiyalari ham qurilgan.

1-rasm.

1. MATERIALLAR VA USULLAR

Quyidagi
J.Cl' = u;, xi(O) = Xio, i = 1,2,3
y = _'y(O) = Yo,

1)
tenglamalar bilan beriladigan uchta x;, x,, x5
guvlovchilar va bitta y gochuvchining
differensial o‘yinini qaraymiz, bunda x;q, Yo €
K, xio # yo, I = 1,2,3; u; — i-quvlovchining,
v esa gochuvchining boshgaruv parametri.
Barcha o‘yinchilar kesik kub K ning qgirralari
bo‘ylab harakatlanadi, X1, X, X3
quvlovchilarning maksimal tezliklari, mos
ravishda, p;, p,, p, larga, y qochuvchining
maksimal tezligi esa o ga teng, ya’ni |u;| <
pi,i =123, |v| <o.

1-ta’rif. Agar ushbu

x; = uy, x;(0) = xg0,

Koshi masalasining x;(-) yechimi x;(t) € K,
t >0, shartni  ganoatlantirsa,  u;(-),
u;:[0,0) = B(p;), funksiya x;, i€ {1,2,3},
quvlovchining joiz boshgaruvi deyiladi.

D,
K kesik kub.

2-ta’rif. Agar ushbu
y =, y(0) =y,
Koshi masalasining y(-) yechimi y(t) € K,
t >0, shartni  ganoatlantirsa,  v(-),
v:[0,0) = B(o) funksiya y qgochuvchining
joiz boshqaruvi deyiladi.

Biz quvlash differensial o‘yinini
qaraymiz. Bunday differensial o‘yinlarda
quvlovchilar biror strategiyalarni qo‘llaydi,
gochuvchi esa ixtiyoriy joiz boshgaruvni
qo‘llaydi.

Endi quvlovchilarning strategiyalariga
ta’rif beramiz.

3-ta’rif. Agar u; =
U;(t,xq, x5, x3y,v), i =1,2,3, funksiyalar va
gochuvchining ixtiyoriy v =v(t) joiz
boshgaruvi uchun (1) Koshi masalasi yagona
x1(t), x,(t), x3(t), y(t) € K, t = 0, yechimga
ega bo‘Isa, (t,xq,%x5,%3,y,V) >
U;(t,xq,x5,x3,v,v), i = 1,2, funksiyalar mos
ravishda x;, i=1,2,3, quvlovchilarning
strategiyalari deyiladi.
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4-ta’rif. Agar o ‘yinchilarning ixtiyoriy
boshlang ‘ich holatlari uchun quviovchilarning
shunday strategiyalari topilib, biror T > 0va
i €{1,2,3} da x;(t) = y(t) bo'lsa, u holda

I11. NATIJALAR VA MUHOKAMA

Masala: (1) o‘yinda quvlovchilarga
quvlashni tugatishni kafolatlaydigan
strategiyalar qurishdan iborat.

Isbot. Quvlovchilar geometrik
holatlarini X;, X,, X5 qochuvchi vaziyatini esa
Y bilan belgilaylik. Teoremani isbotlash uchun
X4, X, quvlovchining maksimal tezligi 1 ga, X;
quvlovchining maksimal tezligi tezligi 1/2
teng bo‘lgan holni qarashimiz yetarli.

X4, X5 quvlovchilar A; uchda va X,
quvlovchi esa As uchda.

Endi guvlovchilarga gochuvchini tutish
uchun strategiyalar quramiz.

Dastlab X;,X,va X; quvlovchilar
gochuvchini K kesik tetraedrning 2-rasmda
qizil rangda ko‘rsatilgan
A A5A5 ... Ag muntazam  sakkizburcha va
S(B,),S(B,),S(B3) va S(B,) uch yulduzlardan
chigarib yuborsin. Bu yerda S(B;) uch yulduz
(B.Cy,B;Agva B1A;) qirralardan tuzilgan
shuningdek S(B,),S(B3) va S(B,) ham huddi
shuningdek mos ravishda (B,C,, B,A,, B,A3),
(B3C3, B3Ay, B3As)
va (B,C,, B4A;, B4Ag) qirralardan tuzilgan.

Agar gochuvchi t; vagtda A,B3;As uchburchak
va AyAs, Asde, B3Csqirralarda  bo‘lsa, X,
quvlovchi vaqtincha As da harakatlanmay
turadi. X;quvliovchi esa A,, A; va  Ag
nuqtalarni qo‘riglaydi ya’ni qochuvchi Asdan
A,ga harakatlansa X; A; dan A, ga A;X; =
AsY tenglamaga mos ravishda harakat giladi,
ya’ni qochuvchi A, ga kelsa uni X; tutadi yoki
gochuvchi A,A; kesmada chigib ketsa X,
qulovchi A; nuqgtadagi boshlangich holatiga
keladi. Huddi shuningdek X; quvlovchi
A,X, = B,Y ga ham mos harakat qilib A, ni
qo‘riglaydi yoki A;X; = A,Y tenglamaga mos

ravishda Ag ni qo‘riglaydi. Yuqorida
ta’kidlaganimizdek X, vagtincha
harakatlanmaydi X; esa A;4,A;z..Ag

muntazam sakkiz burchakda soat strelkasiga
garshi harakat gilib A, nuqtga boradi va yana
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quvlash tugadi yoki qochuvchi tutildi deb
aytamiz.

Quvlovchilar mumkin qadar o‘yinni tez
tugallashga harakat gilishadi. Qochuvchi esa

iloji boricha o‘yinda quvlash tugashini
kechiktirishga harakat giladi.
Bu masalaning yechimi quyidagi

teoremadan iborat:

1-teorema. Agar p;, =1va 1/2 <
p3 < 1 bo‘lsa, u holda kesik tetraedr K ning
qirralari  ustida  qaralayotgan o ‘yinda
quvlashni tugatish mumkin.
saot strelkasiga garshi ravishda A,AsB; da
harakatlansin.

Agar X; quvlovchi A, nugtaga
kelganda gochuvchi A,As girrada qolib ketsa
X, yoki X; tomonidan tutiladi. Agar Xj
quvlovchi Ac nugtaga kelganda gochuvchi
AsAg qirrada harakatlanyotgan bolsa X3
quvlovchi A, nugta tomon harakatlanib
gochuvchini tutadi yoki AgB4A; uchburchak
ichiga kirishga majbur bo‘ladi.

ko’rinib turibdiki gochuvchi B,yoki A,
Ag 4s

4

Dy D,
nuqgtalardan biriga kelishga majbur boladi.

Agar shu nugtalardan biriga kelsa
X,quvlovchiga strategiya guramiz.
X,quvlovchi  Agnugtani  qo‘riglasin  yani

gochuvchi B,yoki A,nugtadan Agnugta tomon
harakatlansa
X,quvlovchi  mos
ravishda AsX,=B,Y
yoki  AgX,=A,Y
tenglamalarga
muvofig ravishda
harakat giladi. Yani
gochuvchi  AgQa
kelsa X,ham shu
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nuqtaga bir vagtda keladi va tutib oladi, agar
gochuvchi B,Ag yoki A;A¢ girralardan chiqgib
ketsa X,quvlovchi Agsnugtada harakatlanmay
turadi. Ana endi X3zquvlovchi
A¢B4A,uchburchakda saot strelkasiga garama-
garshi ravishda harakat qilsin. Agar X;
quvlovchi Ay nugtaga kelganda qochuvchi
Ag B, qirrada harakat gilayotgan bo‘lsa X;
quvlovchi B, nuqta harakat qgilib gochuvchini
tutadi yoki B,C, yoki B, A, girralardan biriga
yurishga harakat giladi. Agar X5 quvlovchi B,
nugtaga kelganda qochuvchi B,A, girrada
harakatlansa X; quvlovchi A, nugta tomon
harakatlanib uni tagib giladi va tutadi. Chunki
Ag va Ag nugtalarni mos ravishda yugorida
aytganimizdek X, va X; quvlovchilar
qo‘riglaydi. Agar X5 quvlovchi B, nuqtaga
kelganda qochuvchi B,C, girrada harakatlansa
X3 uni ortidan harakat qilib uni tutadi yoki
B,C, girradan chiqgarib yuboradi. Aksincha X
guvlovchi Ac ga kelganida gochuvchi A¢B;
girrada harakatlansa X; quvlovchi B; nugta
tomon harakatlanib qochuvchi C; yoki A,
nugta tomon harakatlanishiga majbur giladi.
Agar gochuvchi C; nugta tomon harakatlansa
Xsquvlovchi  Csnugtada uni  tutadi  yuki
B5C; girradan chigarib yuboradi. Agar
gochuvchi B; nugtadan A, nugta tomon
harakatlansa X; quvlovchi B3;A, qirrada
harakatlanib qochuvchini tagib giladi va uni
tutadi yoki B;A, girra tomon harakatlanishga
majbur bo‘ladi. Agar X;quvlovchi A, nugtaga
kelganda gochuvchi A,A; qirrada bo‘lsa X5
quvlovchi A; tomon harakatlanib A5 da tutadi
yoki undan chigarib yuboradi. Qochuvchi As
dan A, tomon harakatlansa X; quvlovchi
A;X; = A3Y ga mos ravishda harakatlanib
gochuvchini tutadi yoki X5 gochuvchi ortidan
harakat qilib qgochuvchini tutadi. Agar
gochuvchi Aszdan B, tomonga harakatlansa X3
yanat

aqib qgilib B, ga boradi. Qochuvchi B,
dan A, tomon harakatlansa yana X; harakat
gilib gochuvchini tutadi yoki X; tutadi.
Shuning uchun gochuvchi B, dan C, tomon
harakatlanadi va Xsyana tagib qilib
gochuvchini B,C, girrada tutadi yoki chigarib
yuboradi.

Huddi shuningdek Y qochuvchi t;
vaqtda A,AsB; uchburchak hamda A,As,
B3;C3, AsAg qirralarda emas balki A;AgB;
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uchburchak va A;A,, AgA,, B;C; qirralarda
harakatlansin. Bu holatda X; quvlovchi
vagtincha harakatlanmay tursin, X, quvlovchi
esa Ag, As, A4 qirralarni qo‘riglaydi. Yuqorida
keltirgan  strategiyamizga o‘xshash usul
go‘llaymiz yani X5 harakatlanib gochuvchini
gizil chizigdan chigarib yuboradi.

Agar t; vaqtda gochuvchi S(B,) uch
yulduz va AgA, yoki S(B;) uch yulduz va
A,A; qirrada bo‘lsa X; va X, mos ravishda
yugorida Kkeltirilgan strategiyaga asosan Ag,
Ay, A, vaAs, A,, Ag nuqtalarni qo‘riglaydi va
X3 quvlovchi qgochuvchini gizil chizigdan
chigarib yubora oladi.

t, vagtdan boshlab X, va X,
quvlovchilar mos ravishda B; va B;
nugtalarni qoriglasin va mos ravishda C, va C,
nugtalarni poylasin. Bu vaqgtda X; quvlovchi
t; vaqtda D, nuqtaga kelsin.

D,D,D5...Dg sakkiz burchak boylab
soat strelkasiga qarshi yo‘nalishda
D;—D,—D3;—D,—Ds—Dg—D;,—Dg—D;
kabi harakat gilsin. X5 quvlovchi DgD; girra
bo‘ylab harakatlanayotganda qochuvchi S(C;)
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uchyulduzdan chiqib ketmasa, ravshanki biror
t, vaqgtda X5 quvlovchi Y qochuvchini DgD;
girradagi Y’ proyeksiyasini tutib oladi ya’ni
X5=Y’ tenglikni saglagan holda harakat gilsin.
Bunda X5 quvlovchi gochuvchini Dg va D,
nugtaga keltirmaydi, chunki qochuvchi Dg
yoki D;  nuqgtaga kelsa X; uni tutib oladi.
Agar Dg yoki D, nugtalarga kelmasa X;
quvlovchi Y gochuvchi tomon harakatlanib
uni tutadi.

Xuddi  shuningdek t, vaqtda X;
quvlovchi D,Ds qirra bo‘ylab
harakatlanayotgan vagtda gqochuvchi S(C3)
uchyulduzdan chigib ketmasa,ravshanki X,
biror t; vaqgtda qochuvchining D,D< girradagi
proyeksiyasini tutadi va D, yoki Ds nugtalarga
gochuvchini  keltirmaydi. Agar kelsa X3
quvlovchi bu nuqgtalarda uni tutadi. Agra
gochuvchi D, yoki Ds nugtalarga kelmasa X,
quvlovchi gochuvchi tomon harakatlanib uni
tutadi.

Agar t, vagtda X; quvlovchi DgD,
girralarda  harakatlanayotganda qochuvchi
D¢C, yoki D,C, qirralarda golib ketsa X;
quvlovchi Y gochuvchini DD, girradagi Y’
C,B, qirraga otishga harakat gilsa X, ham
harakatini A,AgD,D; tekislikka nisbatan
gochuvchiga simmetrik ravishda harakat
qiladi, ya’ni qochuvchi C,B, girradan B, ga
kelsa X, ham AcA, qirradan A, nugtada
keladi va huddi shuningdek uni A, nuqtaga
keltirmaydi va B,A¢ girraning markaziga ham
keltirmaydi chunki bu nugtaga kelsa
gochuvchi X, quvlovchi tomonidan tutiladi.

Aytaylik gochuvchi D; nugtadan
o‘tsin. D; nugtaga kelgan vaqt X; quvlovchi
B,C;, B,C,, B;C5 va B,C, qirralar ortalaridan
o‘tuvchi tekislikka nisbatan Y gochuvchiga
simmetrik ravishda harakat gilsin va uni shu
tekislikka keltirmaydi yoki shu tekislikda
tutadi.Shuning uchun gochuvchi tekislikka
yaqinlashmaydi. Huddi shu vaqtda ya’ni
gochuvchi D; nugtaga kelgan vaqgt X,
quvlovchi D, nugta tomon harakatlanadi va
As—B3;—(C3;—D, kabi harakat bilan D,
nuqgtaga keladi. Mu’lumki As nugtadan D,
nugtagacha eng gisga masofa uch birlik
girraga teng huddi shuningdek D; nugtadan
D, nugtagacha eng gisga masofa ham uch
birlik girraga teng. Shuning uchun gochuvchi
eng gisga yol bilan ham D, nuqtadan o‘tib
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proyeksiyasini tutadi va Dy yoki D, nugtalarga
keltirmaydi aks holda wuni tutadi. Agar
gochuvchi C, nugtadan otsa yoki shu nuqgta
orgali C,B, qirra tomin harakat qilsa
yugorida aytkanimizdek X, quvlovchi C,
nugtani poylaydi va ravshanki gochuvchi
Yoki qochuvchi D,, Dg yoki A, nugtalardan
hech biriga kelmasdan tursa X; quvlovchi
gochuvchini tagib qilib uni tutadi. Huddi
shuningdek X5 quvlovchi D,D; girrada
harakat gilayotganda qochuvchi D,C, yoki
C,D; qirralarda qolib ketsa X; quvlovchi
D,Dsqirradagi Y gochuvchini Y' soyasini
tutadi va D, yoki D5 nuqgtalarga keltirmaydi va
yugoridagi kabi qgochuvchi uchali quvlovchi
tomonidan tutiladi.

Agar X5 quvlovchi D,D3, DyDs, DgD-,
DgD, girralarda harakatlanayotganda
gochuvchi mos ravishda S(C,), S(C3), S(Cy)
va S(C;) uchyulduzlarda golib ketmasa, u
holda biror ts vaqtda D, yoki Ds nugtalarning
biridan o‘tishga majbur boladi, aks holda X;
quvlovchi gomonidan tutiladi.

ta olmaydi, agar D, ga kelsa X, quvlovchi
tomonidan tutiladi. Qochuvchi D; nugtaga
kelgan vagtda X; quvlovchi ham gochuvchi
tomon harakat gilib uni taqib qilib D, nugtaga
keladi. Y qochuvchi D, nuqgtaga kelganda
yoki D,D; orqgali yuradi yoki S(C,)
uchyulduzning D,C, va C,D5 qirralar orgali
yurishga ~ majbur  bo‘ladi. Yugqorida
aytganimizdek X; quvlovchi D,D; qirrada
harakatlanayotganda gochuvchi S(Cy)
uchyulduzda qolib ketsa X5 quvlovchi Y
gochuvchini D, D5 qgirradagi Y’ proyeksiyasini
malum bir vagtda tutadi va D, va Dj
nuqtalarga keltirmaydi va o‘z navbatida
gochuvchi C,B, girraning ortasiga ham
kelolmaydi chunchi agar kelsa X; qulovchi
tomonidan tutiladi. Agar quvlovchi hech gaysi
nugtalarga kelmasa X, quvlovchi gochuvchini
tagib gilib uni tutadi. Agar gochuvchi S(C,)
uch yulduz qgirralarida emas balki D, D5 girra
bolsa X5 quvlovchi gochuvchini D; nuqta
tomon taqib giladi va uni D;D, (girraga
otishiga majbur giladi. Ravshanki D, nugta
X, quvlovchi tomonidan qo‘riqlanayotganligi
uchun qochuvchi D;D,  qirrada gamalib
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goladi va X5 quvlovchi D, Teorema isbotlandi.

harakat gilib gochuvchini tutadi.

nuqta tomon

XULOSA

Mazkur maqolada garalgan Kesik kub — Arximed jismlari turkumiga Kiradi. Ushbu ish
Arximed jismlari qirralari ustidagi differensial o‘yinlarga bag‘ishlangan ishdir. Maqolada
garalgan masalada ikkita aktiv bitta sust quvlovchilar va bir gochuvchining ishtirokidagi
differensial o’yin o’rganilgan. Agar biror quvlovchi va qochuvchining geometrik holatlari
ustma-ust tushsa, qochuvchi tutilgan hisoblanadi. O ‘vinchilarning kesik kub gqirralaridagi
ixtiyoriy boshlang ‘ich holatlari uchun qochuvchini tutish mumkinligi isbotlangan. Bundan

tashgari, quvlovchilar uchun tutish strategiyalari ham qurilgan.
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Kvadrat gumbaz qirralari bo‘ylab ikki quvlovchi va
bir qochuvchining tutish differensial o‘yini

G. A. G‘anijonova

Annotatsiya. Bu magola Kvadrat gumbaz shaklida ikki quvlovchi yordamida bitta qochuvchining tutish
differensial o‘yinini 0°zida aks ettiradi. O'yinda "asosiy quvlovchi" deb ataladigan quvlovchining maksimal tezligi
p; = 1 bo'lib, bu gochuvchining maksimal tezligi bilan bir xil. Shuningdek, ikkinchi quvlovchining maksimal tezligi
p, = 1/2. Quvlovchilardan birining holati gochuvchining holati bilan ustma-ust tushsa, quvlovchilar o'yinda g'alaba
gozongan deb hisoblanadi. O‘yinni yakunlash uchun strategiya qurdik va strategiyadan foydalangan holda tutish
mumkinligi isbotladik.

Kalit so‘zlar: Quvlovchi, gochuvchi, differensial o‘yin, strategiya, kvadrat gumbaz.

AHHOTaumA. B gaHHoW cTaTbe NpefcTaBneHa avddepeHUmansHaa urpa no noumke ogHoro Gerneua ¢ OByMs
npecrnegosaTensMnM B BWOe KBagpaTHOro Kyrnona. B uvrpe MakcumanbHas CKOpPOCTb MpecriegoBarens,
Ha3blBaEMOro «rfaBHbIM TMpecrefoBaTerneMy», paBHa p; = 1, 4YTO coBMagaeT C MaKCUMarbHOW CKOPOCTbHO
Gerneua. Takke MakcuMarnbHasi CKOPOCTb BTOPOro npecriefqosaTtens pasHa p, = 1/2. Ecnv nosvumsa ogHoro ua
npecnefgosaTeneit coenagaeT ¢ noauuveit berneua, To NpecrnegoBaTenn CYATAOTCA BbiMrpaBLLUMMU Urpy. Mbl
NOCTPOUNN CTPAaTErnio Ans 3aBepLUeHUs UrPbl U JoKa3anu, YTO C NMOMOLLIbIO CTPATErMn MOXHO noMarthb.

KnroueBble cnoBa: Npecnegosartens, 6erney, auddepeHumansHas urpa, ctpaTernsi, KBagpaTHbIin Kynor.

Abstract. This article presents a differential game of catching a single fugitive with two pursuers in the form of a
square cupola. In the game, the maximum speed of the pursuer, called the "main pursuer", is p; =1, which is
the same as the maximum speed of the fugitive. Also, the maximum speed of the second pursuer is p, = 1/2. If
the position of one of the pursuers coincides with the position of the fugitive, the pursuers are considered to have
won the game. We have built a strategy to complete the game and proved that it is possible to catch using the
strategy.

Keywords: Pursuer, fugitive, differential game, strategy, square cupola.

1. KIRISH o‘yinlar va optimal boshqaruv metodlari va
' . . o _ nazariyasini ishlab chigganlar.

Differensial oyin nazariyasi masalalari O<zhek  matematiklari orasida ~ differensial
turli yo‘nalishlarda o‘rganilishda davom etib o‘yinlar sohasiga o‘zining buyuk hissalarini
kelayotgan bo’lib, bu nazariya dastlab 1923-yili qo‘shib kelayotan olimlar Satimov N.Y.,
Shteyn Gauz maqolasidan boshlangan. So‘ngra aAzamov A.A., Ibragimov G.1., Ibaydullaev T.T.,
1941-1945-yillarda ushbu nazariya uchun asos kychkarov A.Sh., Holboyev A.G. hisoblanib,
bo‘ladigan turli harbiy sohadagi masalalar  sphada keng izlanishlar olib borilmogda.
o‘ranila boshlagan. 1950-yillarda Amerikalik pifferensial o‘yinlarning bir nechta turlari
matematik R.Isaacs Differensial o‘yinlar mavjud. Xususan, ushbu ish ham ko‘pyoq

nazariyasi bo‘yicha birinchi bo‘lib ma’lum bir girralarida ko‘p quvlovehili differensial o‘yinlar
sistemga ega bo‘lgan oz monografiyasini chop tyriga mansub. Yana

etadi va u “Differensial o‘yinlar” deb ataladi.
Ushbu monografiyada u ko‘plab differensial

o‘yin muammolariga keltirilgan aniq model ghynday turdagi ko‘plab masalalar Patsko v.b.,
muammolari tahlilini taqdim etdi va ulaming |pragimov va Salleh , Blagodtskix va Petrov,
batafsil yechimlarini ko‘rsatdi, shuningdek, bir Azamov v.b. , Ramana va Mangal , Sun va
qator yangi hayotiy muammolarini taklif qildi. Tsjotras | Ibragimov v.b. Ibragimov , Garcia v.b.
1960-yillarda Rossiyalik olimlar Pontryagin, jshlarda keltirilgan.

Subbotin, Chikrii, Fleming, Petrosyan dinamik
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A A,

A By By A,

Ae B B, 43
Ag Ay

Biz ushbu magola orgali Kvadrat gumbaz asosi kvadratdan hamda yon yoqlari 4 ta kvadrat

shaklida quvlash masalasini o‘rganamiz. va 4 ta muntazam uchburchakdan iborat

Dastavval ushbu shakl bilan tanishib olamiz. ko‘pyoq. Kvadrat gumbaz shakli 12 ta uch va
20 ta bir xil girraga ega. Bu fazoviy shakl
Arximed jismlarining bir turi hisoblanadi (1-
rasm). 2-rasmda esa Kvadrat gumbazning grafi
tasvirlangan. Biz qulaylik uchun Kvadrat

Kvadrat gumbaz shunday fazoviy shaklki, u gumbazni K harfi bilan belgilab olamiz.

quyi asosi muntazam sakkizburchakdan, yuqori

2. MATERIALLAR VA USULLAR

Aytaylik tomoni bir-biriga teng bo‘lgan 2 _
ixtiyoriy A, ... AgB; ... B, Kvadragt gumgbazdag&Z- Pi E,up, v € RY, Pil(o)l ZE(O)’ valvl <o =1,
rasm) P = {P;; P,; } quvlovchilar guruhi va bitta Wil = Pis
E qochuvchi harakatlanayotgan bo‘lsin (2- umumiylikka ziyon yetkazmagan holda, birinchi
rasm). Biz ularni umumiy o‘yinchilar deb quvlovchi P;  ning tezligini qgochuvchining
ataymiz. O‘yinchilar doimo bir-birlarining tezligiga, 1ga teng, deb olamiz (p, = 1), qolgan
harakatlari, holatlari 2-rasm. wradi deb ikkinchi quvlovchining tezligi 1/2 deb olamiz
olamiz. P;(t),i = 1,2 va wyvy wa oo ravishda (p2 = 1/2). P14, P quvlovchilarning
quvlovchilar va gochuvchining t momentdagi boshlang’ich holatlari va E, esa qochuvchining
muntazam Tetracksaedr shaklidagi vaziyati boshlang’ich holati. B(r)orqgali radiusi r va
hisoblanadi. Jumladan, t = 0 momentdagi holat markazi R*da bo‘lgan doiralar to‘plamini
o‘yinchilarning boshlang’ich holati deyiladi. Biz belgilaylik.
quvish o‘yinini  o‘rganayotganimiz uchun 1-Ta’rif. Agar ushbu  P;(t) = u;, P;(0) =
quvlovchilarga o‘yinni o‘z foydalariga hal qilish p,) i = 1,2 Koshi masalasining P;(-) yechimi
uchun strategiyalar quramiz. Qochuvchi esa p;(t) e K, ¢ > 0, shartni ganoatlantirsa u;(-),
ixtiyoriy boshgaruvni qo‘llab harakatlansin deb u;:[0,00) = B(p;) funksiya P;, i€ {1,2},

Bu yerda

olamiz. quvlovchilarning joiz boshgaruvi deyiladi.
Qaralayotgan differensial 0‘yin . ,
quyidagicha berilgan: 2-Ta’rif. ~ Agar ushbu E(t) =v, E(0) =
) ' ) E,, Koshi masalasiningE (-)yechimi E(t), t = 0,
Pi(t) =u; ,P;(0) =Py ,i =12 E(t)= shartni ganoatlantirsa, u holda v("),
v,E(0) = E,
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v:[0,) - B(0o) funksiya E qochuvchining joiz rangdagi doira esa tezligi birinchi quvlovchining
boshgaruvi deyiladi. tezligining yarmiga teng bo'lgan quvlovchining
holatini ifodalaydi.Qizil rangdagi doira esa
gochuvchi.
Dastlab gochuvchi A1A, A5 AL AsAgAL Ag
sakkizburchakda bo’lgan holni  ko’raylik.
Aytaylik, A,Ac girrada bo’lsin. Tezligi 1/2 ga
teng bo’lgan Az uchda turgan P, quvlovchi
harakatlanib  quvlovchini  yurishga majbur
etsin.Qochuvchi harakatlanishi mumkin bo’lgan
4-Ta’rif. Agar E qochuvchi muntazam quyidagi hollarni ko’rib chigamiz.
tetraeksaedrning ixtiyoriy girrasida joylashgan Birinchi holda qochuvchi A5 uch tomon orgali
holda qanday strategiya qo ‘llamasin, P = A, uch tomon harakat gilsin. Qochuvchi
{Py; P,} guruhning shunday strategiyasi va unga harakatlanishni boshlashi bilan B, uchda turgan
binoan shunday = > 0 soni topilsaki, biror i = P; quvlovchi ham B; uch tomon harakatlana
1,2 uchun P;(t) = E(z) tenglik o ‘rinli bo ‘Isa, u boshlaydi hamda bu nugtada gochuvchi A
holda o ‘yinni quvlovchilar guruhi yutdi (ba’zan uchgayetib borguniga qadar harakatlanmay
o ‘yin tugadi) deyiladi. turadi. Qochuvchi A4 uchga yetib borganda Bs
3 NATIJALAR VA MUHOKAMA uchda turgan P, quvlovchi uning soy\asini
gochuvchi As; yoki Ag nugtada bo’lgan
Teorema. Agar 0 = 1 hamda p, = 1, va p, = vaziyatda tutib oladi(4-rasm).
%bo ‘Isa, o'yinni P quvlovchilar guruh yutadi, Soya deganda gochuvchi turgan joydan yon

ya’ni Kvadrat gumbaz girralarida quvlovchilar dirralariga parallel qilib ~otkazilgan to’g'ri
guruhi gochuvchini tuta oladi. chizigning  B,B,B3B,  kvadrat  hamda

yetkazmagan holda quvlovchilarni Kesishish nuqtalari tUSh“””aO!'- o
boshlang’ich holatda quyidagicha Soyas_lm_ tutib olgandan so’ng q(_)chuvchlmng
joylashtiramiz: P, (0)=B,; P,(0)=As. Qochuvchi soyasi bilan h_arakatlana boshlaydl. Q_ochuvc_hl
esa shaklning ixtiyoriy qirrasida joylashishi 47 uchga yetib borganda u bilan simmetrik
mumkin(3-rasm). harakat qilib B, uchga yetib borgan P
quvlovchi B,A,Ag uchburchakda Ag uchdan

3-Ta’rif. Agar u; = U;(t, x4, %,,y,v), i = 1,2
funksiyalar va gochuvchining ixtiyoriy v = v(t)
joizboshgaruviuchun berilgan Koshi masalasi
yagona P, (t), P,(t), E(t), t = 0, yechimga ega
bo‘lsa, (t,P,,P,,E,v) » U;(t,P;,P,,E,v), i =
1,2  funksiyalar mos ravishda P;, i=1,2
quvlovchilarning strategiyalari deyiladi.

A A
d e B,A, tomonga tushurilgan balandlikka nisbatan
¥ kY simmetrik harakat giladi. Natijada qochuvchi Ag
S S uchda P, quvlovchi tumonidan tutiladi(5-rasm).
AL By, B, N A, Ikkinchi holatda qochuvchi Ac uch
h—
7 S
,/ \\'\
Ag B B 3 7 . B N
3 2 A 1 1 A
\\ // i
\2\5—.—144 Ad _\.\ Bl 5, //"_.43
3-rasm. e P
R P
Ko’k rangdagi doira tezligi qochuvchining \Ag & Ajl

tezligiga teng  bo’lgan quvlovchining, yashil g 01 B ych tomon harakatlansin. . Qochuvchi
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Ag A,

2 By B, 4,

Ag B, B, 3
h ", r— A,

harakatlanishni boshlashi bilan B, uchda turgan
P; quvlovchi ham B; uch tomon harakatlana
boshlaydi hamda bu wuchga gochuvchidan
avvalroq yetib keladi(6-rasm). Shu sababli
gochuvchi AgB; qirradan ortga qaytishga
majbur bo’ladi. Natijada birinchi hodagidek

Ag Al
¥
Az B By Ay
4 Ba "_ = BZ ‘—/\”‘q:i
As Ay
A A,
\\
7
Aq B By A,
4 \ B3 = ?
-
\ Vi

As Ay
gochuvchining soyasi tutiladi. Demak bu holda
ham qgochuvchi P; quvlovchi tomonidan
tutiladi(7-rasm)
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Navbatdagi holda qgochuvchi A, girra orqali B, 4.3-hol. Qochuvchi B, uch orgali A, uch
uch tomon harakatlansin. Qochuvchi Az;A, tomon harakatlansin. P; quvlovchi qochuvchi A,
girrada P, quvlovchi bo’lganligi  sababli tomon harakatlana boshlagan vagtdan boshlab
harakatlana olmaydi. Yugoridagidek, gochuvchi B; tomon harakatlanadi va qochuvchi A, uchga
harakatlanishni  boshlashi bilanoq B, uchda yetib borguniga gadar shu uchda goladi. Agar
turgan P;  quvlovchi ham B; uch tomon gochuvchi Azuch tomon harakatlansa P,
harakatlana boshlaydi va yetib kelgandan so'ng quvlovchi uning soyasini tutadi. Agar A; tomon
harakatlanmay turadi(8-rasm). Qochuvchi P; harakatlansa, P; quvlovchi ham B, uchtomon
quvlovchi B; uchga avvalrog yetib kelganligi harakatlanadi hamda soyasini tutadi.Agar
sababli  B; uch tomon  harakatlana gochuvchi harakatlanmay A, uchda turaversa,
boshlaydi.Harakatlana boshlagandan so’ng P, P, quvlovchi B, uch orqgali borib gochuvchini
quvlovchi ham B, uch tomon harakatlanadi. P; Az yoki As uclardan biri tomon harakatlanishga
quvlovchi ham A, uchga yetib kelib, harakatini majbur giladi hamda bu holda ham soya tutiladi.
to"xtatmagan holda B, uch tomon harakatlanadi. Natijda barcha hollarda birinchi hol singari
Shu sababli gochuvchi ortga gayta olmaydi gochuvchi tutiladi(11-rasm).

hamda B; uchdan As yoki A uch tomon OXxiringi holatda ham yani qochuvchi Kvadrat
harakatlanadi. Bu vaqtda B, uchga yetib kelgan gumbazning biror yon girrasida bo'lgan holda
P, quvlovchi B; tomon harakatlana boshlaydi. ham P, quvlovchi yuqoridagi hollar kabi
Natijada yana quvlovchining soyasini tutadi gochuvchini harakatlanishga majbur  qilib
hamda birinchi holatdagidek gochuvchi bu holda gochuvchini  gumbazning yugori gismidagi
ham P, quvlovchi tomonidan tutiladi(9-rasm).  kvadratga chigaradi yoki pastki asosidagi
Endi to'rtinchi holni ko'rib chigamiz. To rtinchi sakkizburchakka tushiradi. Natijada bu hol
holda quvlovchi Kvadrat gumbazning yugori uchun ham yuqoridagi 4 ta holatdagidek
gismidagi B, B,BsB, kvadratning ixtiyoriy biror strategiya quriladi hamda quvlovchi tutiladi.
girrasida bo’lsin. Aytaylik B,B; girrada bo'lsin.

As uchda turgan P, quvlovchi B, uch tomon 4. XULOSALAR

harakatlanib ~ qgochuvchini  harakatlanishga

Lna}jlbur_ l?i!a_dbi. hl_3und_a ham - quyidagi Kichik ¢, aqpa¢ gumbaz girralarida 2 quvlovchi va bir
olfarnt ko Tib chigamiz. : qochuvchili differensial o‘yin o‘rganildi. Bunda
4.1-hol Qochuvchi B tomon . . - .
L 3 . bir quvlovchi va qgochuvchining 11-rasm
harakat_lansm. U holda  B; uchga Yetib yo7)jyjqyi teng, umumiylikka ziyon ycacciagan
borganidan song B, A5, As uchlarga noiga by tezlikni 1 deb  oldik. Qolgan
harakatlanishi mumkin. Ammo B, uchda Py q,yjoychining tezligi esa birinchi quvlovchi

quvlovchi turganligi sababli bu uch tomon tezligining yarmiga teng deb oldik. O‘yinda
haquatlana olmaydi. Qochuvchi B; u_chdan As ikkinchi quviovchi  gochuvchini  doimiy
yoki Ag uch tomon harakatlanishni boshlash ppakatianishga majbur etuvehi quvlovchi bolib
vagtidan boshlab Pl_quvlovchl ham B; tomon yi mat qilgan bo‘lsa, birinchi quvlovchi
harakatlana boshlaydi. ~_gochuvchining  harakatlanish ~ maydonini
Natijada yana soya tutiladi hamda birinchi kamaytirishga xizmat qildi. O‘yinni qachon
hol_dag_idek gochuvchi P; quvlovchi tomonidan tugashligi min{p,; p,} qiymatga bog’liq.

tutiladi(10-rasm). _ Kvadrat gumbaz qirralarida bir gochuvchini
Qochuvchi B, uch orgali B; uch tomon ytish uchun eng kamida 2 quvlovchi yetarli
harakatlansin. Bu holda P, quvlovchi gochuvchi ekan. O‘yin davomida quvlovehilarga o‘yinni
harakatlanishni boshlagan vaqgtdan boshlab B; yakunlash uchun strategiyalar qurildi. [15]

uch tomon harakatlana boshlaydi. Natijada maqola ushbu ishni o‘rganishimiz uchun asos
gochuvchi B, B, girrada tutiladi. bo‘ldi.

Ushbu magolada Arximed jismlar turiga mansub
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Annotatsiya: So‘nggi yillarda klassik tizimlarning assotsiativ bo‘lmagan analoglari matematika va
fizikaning ko‘plab sohalarida qo‘llanilib kelmogda. Li va Leibniz algebralari kabi ba’zi noassotsiativ
algebralar uchun lokal operatorlar, xususan lokal va 2-lokal differensiallashlar tushunchalari ham keng
o‘rganila boshladi. Ushbu tushunchalarga alogador asosiy muammolar har bir lokal (yoki 2-lokal)
avtomorfizm va differensiallash oddiy ma’noda avtomorfizm va differensiallash bo‘ladigan shartlarni
topish, shuningdek, avtomorfizm bo‘lmagan (mos ravishda differensiallash) lokal va 2-lokal
avtomorfizmga ega algebralar sinflarini aniglashdan iboratdir. Hozirgi kunda jahonda differensiallashlar
nazariyasi bilan bir gatorda, operator algebralarida lokal va 2-lokal differensiallashlar nazariyasi ham

muhim hisoblanadi. So‘nggi yigirma yil davomida Fon Neyman algebralari, C *-algebralari va JB *-
uchliklarda lokal va 2-lokal differensiallashlar nazariyasini o‘rganish bo‘yicha samarali natijalarga erishildi.

Jumladan, Fon Neyman algebrasining qo‘shma Banax M -bimoduli uchun har bir lokal differensiallash
oddiy ma’noda differensiallash ekanligini isbotlagan. Bu natijani B.E.Djonson C*-algebradagi
differensiallashlarni o‘rganishga tatbiq qilib, C*-algebraning ixtiyoriy uzluksiz lokal differensiallashlari

oddiy ma’noda differensiallash ekanligi isbotlagan. Shuningdek, B.E.Djonson tomonidan C*
algebradagi ixtiyoriy lokal differensiallashlar uzluksiz bo'lishi isbotlangan. 1997 yilda P.Shemrl 2-lokal

avtomorfizm va 2-lokal differentsiallash tushunchalarini kiritdi va u B(H ) -cheksiz olchamli separabel N

Gilbert fazosida barcha chegaralangan chizigli operatorlar algebrasida har bir 2-lokal avtomorfizm(mos
ravishda, 2-lokal differensiallash) avtomorfizm(mos ravishda, differensiallash) bo'lishini isbotladi.

Ta’kidlash joizki, P.Shemrl yuqoridagi teoremani H fazo chekli o'lchamli bo‘'lganda ham o'rinli bo‘lishini
ta’kidlagan. Keyinchalik Fon Neyman algebralari uchun 2-lokal differensiallashlarni Sh.A.Ayupov,
K.K.Kudaybergenov, F.N.Arzikulov, S.O.Kim, J.S.Kim, O.B.Nurjanov va A.K.Alauadinovlar o‘rganishgan.
Noassotsiatov algebralar jumladan, Leibniz algebralari uchun lokal va 2-lokal differensiallashlarni
o‘rganish hozirgi kunning dolzarb muammolardan biri hisoblanadi. Maqolada biz nilradikal filiform Li
algebralari bo‘lgan maksimal yechiladigan Li algebralari bo‘yicha differensiallarni o‘rganamiz.

Kalit so‘zlar: Li algebra, differentsiallash, lokal differentsiallash, lokal avtomorfizm, 2-lokal
differensiallashlar, chizigli operator.

Abstract: In recent years, non-associative analogues of classical systems have found
applications in many areas of mathematics and physics. For some non-associative algebras, such as Lie
and Leibniz algebras, the concepts of local operators, in particular local and 2-local differentiations, have
also begun to be widely studied. The main problems associated with these concepts are to find conditions
under which every local (or 2-local) automorphism and differentiation are automorphisms and
differentiations in the usual sense, and to determine classes of algebras that have local and 2-local
automorphisms that are not automorphisms (derivations, respectively). At present, in addition to the
theory of differentiation, the theory of local and 2-local differentiation in operator algebras is also of great
importance in the world. Over the past twenty years, fruitful results have been achieved in the study of the
theory of local and 2-local differentiations in von Neumann algebras, -algebras, and -triples. In particular,
he proved that every local derivation for a joint Banach bimodule of a von Neumann algebra is a
derivation in the usual sense. BE. Johnson applied this result to the study of derivations in -algebras and
proved that arbitrary continuous local derivations of -algebras are derivations in the usual sense. It was
also proved by B.E. Johnson that arbitrary local derivations in -algebras are continuous. In 1997, P.
Schemrl introduced the notions of 2-local automorphism and 2-local derivation and proved that every 2-
local automorphism (respectively, 2-local derivation) in the algebra of all bounded linear operators on an
infinite-dimensional separable Hilbert space N is an automorphism (respectively, a derivation). It is worth
noting that P. Schemrl emphasized that the above theorem is also valid in the case when the space is
finite-dimensional. Later, 2-local differentiations for von Neumann algebras were studied by Sh. A.
Ayupov, K. K. Kudaibergenov, F. N. Arzikulov, S. O. Kim, J. S. Kim, O. B. Nurzhanov and A. K.
Alauadinov. The study of local and 2-local differentiations for non-associative algebras, including Leibniz
algebras, is one of the topical problems of our time. In this article, we study differentials over maximally
solvable Lie algebras, which are nilradical filiform Lie algebras.

Key words: Lie algebra, derivation, local derivation, local automorphism, 2-local
differentiations, linear operator.
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MATHEMATICS

Kirish. A ba’zi bir algebra ( associativ
bo’lmagan). D :A — A chizigli akslantirish
barcha X, yeA elementlar  uchun
D(xy) = D(x)y + xD(y) tengligini
ganoatlantirsa, unda  bu akslantirish
differentsiyallash  deyiladi. A chizigli
akslantirish A lokal differentsiyallash
deyiladi, agar har bir XeAuchun D

X

differentsiyallash bor bo’lib bunda A (X
elementiga bog’liq) differentsiyallash
ko’rinishi quyidagicha A(X) = D, (X). Lokal
avtomorfizmning ta’rifi ham xuddi shunday
beriladi [1].

Adabiyotlar  tahlili.  Yugoridagi
tushunchalar R.V. Kadison ishlarida keltirilgan
va o’rganilgan[1]. Shu bilan birgalikda D.R.
Larson va A.R. Sourour ishlarida ham
keltirilgan [2]. Yuqorida ta’kidlab o’tilgn
ishlar avtomorfizmlar, C-algebralar va
operator algebralarning differentsiyallashlariga
yaqin bo’lgan akslantirishlarning tavsifiga
bag’ishlangan bir qator ishlarga turtki bo’ldi.
D.R. Larson va A.R. Sourourlar A = B(X),

tenglikni isbotlashdi, X Banax fazosidagi

128

barcha chegralangan chizigli  opertorlar
algebrasi, u holda A ning har bir teskari lokal
avtomorfizmi avtomorfizmdir. Shunday qilib
B(X)dagi avtomorfizmlar ularning lokal
ta’siri yordamida to’liq aniqlanadi. Murakkab
yarim oddiy chekli of‘lchovli Leybnits
algebrasidagi har bir lokal differentsiyallash
differentsiyallash ekanligini isbotlangan [7].

Tadgiqot metodologiyasi.
Yechiluvchan Li algebralari

L Li algebrasi bo’lsin. Quyidagi
markaziy qgatorlarni garaylik:

L'=L? L*'=[L%L], k=1,
LM =L, 9= L], s>1,

L Li algebrasi nilpotent deyiladi
(mos ravishda, yechiluvchan), agar shunday

peN ko’rinishdagi L” =0 (mos ravishda,
LM =0). Bunda keng kichik butun son

L=0 tengligi L ning nilindeksi (yoki
nilpotentlik kllasi) deyiladi. [6]

Har ganday tabiiy ravishda baholangan filiform Li algebra quyidagi izomorf bo‘lmagan

algebralardan biriga izomorfdir:

nn,l[ei: el] = _[elfei] =€i+1y 2<isn-—-1,
0 { le;, e1] = —len el =ejp1, 2<i<2n-2,
2 . P .
ey, eant1-il = —leznsi-i €]l = (—1)'ey,, 2<i<n

Nilradikal tabiiy ravishda baholangan filiform Li algebra bo‘lgan barcha hal gilinadigan

Li algebralari n,_,[4] da tasniflanadi. Nilradikal tabiiy ravishda baholangan filiform Lie

algebra Q,, bo‘lgan yanada hal gilinadigan Li algebralari [11] da tasniflanadi. Nilradikal uchun

izomorfik bo‘lgan hal qilinadigan Li algebrasining o‘lchami isbotlangan n-o‘lchovli tabiy
ravishda baholangan filiform Li algebra dan katta emas n+2.Bu yerda biz bunday hal
qgilinadigan Li algebralari ro‘yxatini beramiz. s , orgali n_ , niradikali yechiuvchan Li

algebralarini belgilaymiz. Xuddi shunday Q,, nilradikalli Li algebralari uchun 7, , belgilash
olamiz.
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[e,,e;]=¢,,, 2<i<n-]
. [el’x]:el’
"2 [e,, x]=(i-2)e, 3<i<n,
[e.,y]=¢, 2<i<n.
[e;,e;]1=¢€.,, 2<i<2n-2,
(&, €2n.0i]= (_1)i €on> 2<i<n,
[e,, x]=1g; , 1<i<2n-1,
Ton -
[e2n ' X] = (Zn +1)e2n’
[e.,y]=¢, 1<i<2n-1,
[EZn’ y] = _[y’ eZn] = 2e2n'

Quyidagi teorema ushbu magolaning asosiy natijasidir.
Olingan natijalar va muhokama

Teorema. s , va t,,, algebralarning differensiallari quyidagi shaklga ega:

d (el) =a6 + iaiei,
i-3
d (ez) = bzez —C&;
d(e)=(b,+(i—2)a,)e —ce., 3<i<n-l,
Der(szn,z): d(en):(b2+(n_2)a1)en,

i+1

-1
x)=c1e1+n2(i— 2)a, e +Ce,,

Zalﬂe + - 2)e

(el):( oni1 T 2n+2)eli

(&)= (i85 + Bynis )& + 281 + (1) Bppis i€y 25K <N
(€)= (1. + ., )& + 21, n+l<i<2n-2
(eZ ) ( 2n+l+a2n+2)e2n—1’

()= ((Zn +1)8,,,, + 28,5 )50

(

d

d

Der(z,,,): ‘
' d

d

d(y)=

Isbot. Biz s,, algebra uchun ishotni kiritamiz , 7, , algebra uchun isbot o‘xshash. d

s, » ning differensiali bo‘lsin. Biz o‘rnatdik
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n n
d(e)=>Y ae +a,.x+a,,y, d(e,)=>be+b x+b,,y,
i=1 i=1

d (X) = iciei TG X+Co.oY, d (y) = Zn:ﬂf.ei + A X+ ALY,
i=1 i=1

Bundan tashgari bizda
d(e)=d[e,x]=[d(e).x]+[e,d(x)]= {Zn:aiei +a, Xx+a,,Y, x} + {el, Zn:ciei +C, X+C, LY |=
i=1 i=1

n n-1
=ag +Y a(i—2)e - D ce, +Ce =ae +ae, +2a,e, +3ae;+
i=2 i=2

+...+(n-2)a,e, —C,e; —C,&, —C,5 —...—C, €&, +C, 48, =

n+l

=(a,+C,.1)e +(a,—C,)e, +(28, -, )e, +...+((n-2)a, —c,, Je,,

Boshga tomondan,

d(e)=ae +ae, +K +ae, +a,,x+a,,Y.

n+1

Shuning uchun,

¢, =(n—-3)a,

Quyidagi shartdan

O=d[e,y]=[d(e).y]+[e.d(y)]= {alel +§aiei,y} {el,ii.ei + ln+1><+in+zy} =

i=1
n n-1
Zaiei - Z’uem + /?’n+1el =6, +a,6, + K+ a.e, — }“n+1el - /1263 -
i=3 i=2

—Aes-K-Ae=2.e+(a,—4)e+(a,—4)e, +K +(a,— 4, )e,.

Ushbu natijani olamiz
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Quyidagini ko‘rib chigamiz

O:d[x,y]:[d(x),y]+[x,d(y)]:{cleﬁi(i— a,.e +ce +cn+2y,y}+

i=2

n-1
J{x,ﬂleﬁZa,ﬂe +Ae +;tn+2y} (i-2)a,.e +ce, —4e —

-1

8.8 —(n-2)2e,=(c,—(n-2)4,)e, - e,

i=2

Bundan

ega bo‘lamiz.

Endi quyidagini ko‘rib chigamiz,

n-1 C
d(ez 2’y] |:Zbe +bn+1x+bn+2y1yj|+{GZ’Zaiﬂei + (n_nz)en +ﬂ’n+2y =

i=2

= be + 4,8 =he, +be, +K +be, + 1,8,

n+2
i=2

boshga tomondan,

d(e,)=be +be, +K +be, +b, ,x+b,,y.

n+1

Shuning uchun,
bl = bn+1 = b6n+2 = ﬂ’n+2 =0,

Ushbu tenglikdan

n-1 n
d[e,,x] {Zb,e,,x} {ez,cleﬁZ(i— )a .8 +C.e, +cn+2y}: (i—2)be +ce, +c,,,8,
i=3

i=2

Quyidagiga ega bo‘lamiz,

b.=0,i=4,n,¢c,,=0, b=-cC.

n+2

Xulosa. Demak, s, , algebraning har ganday differensiali giymatga ega degan xulosaga
kelamiz.
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n-1 C
d (y) = Zamei +— <€,
i2 -

(n-2)
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Differential game of three pursuers and one evader on a
rhombicuboctahedron

Abduraxmonova Robiyaxon Anvarjon qizi
Andijan davlat universiteti
E-mail: robivaxonabduraxmonoval3ll@gmail.com

Abstract. In this paper, we consider a differential game of three pursuers and one evader on a
rhombicuboctahedron. In the game, two pursuers, which is called the "main pursuers" have maximum
speeds of p; = 1,p, = 1. They are the same as the evader. However, the maximum speed of the other
pursuer is just above 0, which means it is enough for it to move constantly. When the state of one of the
pursuers coincides with the state of the evader, it is considered that the pursuers win the game. The
strategy to complete the game is constructed, and it is proved that the pursuit is possible by using the
strategy.

Key words: Pursuer, evader, differential game, strategy, rhombicuboctahedron.

AHHoTaumA. B gaHHon paboTte ndydaetcsa andpdepeHumanbHasa urpa Tpex npecnegosatenen u
ofHoro yberaroLero B BbITSHYTOM kBagpaTHOM PombokyGookTasgpe. MakcumarnbHble CKOPOCTU ABYX
npecnegosarenen, HasblBaeMblX B Urpe "rmaBHbIM nNpecnegosarenem”, cocraensaT p; = 1,p, = 1. 3710
TO e camoe, YTO U MakcMMarbHas CKopocTb yoeratowero. OgHako y Apyroro npecnegosaTtens
MaKcuMMaribHasi CKOpOCTb HEMHOrO Bbilwe 0, Yero AocTaTo4yHO, YTOObLI OH NpoAorkan asuratecs. Ecnu
nosmuus O4HOro M3 NpecriegoBaTener coBnagaeT ¢ no3vumen yberatoulero, To npecnegosatenm
cyYMTalTCA BbiMrpaBuMMmM Urpy. Bbina noctpoeHa cTpartervs 3aBepLUeHus Urpbl, U 6bINo 4oka3aHo, YTo C
MOMOLLIbIO 3TOM CTpaTermm MOXHO NoMaThb.

KnioueBble cnoBa: [pecnegoBaTens, yoerawowmi, guddepeHumanbHas urpa, ctpaTterus,
Pomboky6ookTaaap.

Annatatsiya. Ushbu magolada biz rombikubo-oktaedr uch quvlovchi va bitta gochuvchi uchun
differentsial o'yinni ko’rib chigamiz. O'yinda "asosiy quvlovchilar" deb ataladigan ikkita quvlovchining
maksimal tezliklari p; = 1,p, = 1. Bu gochuvchining maksimal tezligi bilan bir xil. Biroq, boshqga
quvlovchining maksimal tezligi 0 dan biroz yuqoriroqdir, ya'ni u doimiy ravishda harakat qilishi uchun
yetarli. Quvlovchilardan birining holati gochuvchining holati bilan ustma-ust tushsa, quvlovchilar o'yinda
g'alaba qozongan deb hisoblanadi. O'yinni yakunlash uchun strategiya qurildi va strategiyadan
foydalangan holda tutish mumkinligi isbotlandi.

Kalit so’zlar: Quvlovchi, gochuvchi, differensial o’yin, strategiya, rombikubo-oktaedr.

1. Kirish

O‘yinlar  nazariyasi = matematikaning
noaniqlik mavjud bo‘lgan vaziyatlarda optimal
qaror qabul qilish masalalarini o‘rganadigan
bo‘limdir. Ya’ni o’z manfaatlarini ko’zlovchi
ikki  tomonlarning kurashuvidir. Ularning
o’yin davomida qabul qilgan qarorlari
strategiya deyiladi. U ma’lum magsadga
yo’naltirilgan bo’ladi.

Yagqin yillarda o’zbek matematik olimlar

tomonidan differensial o’yinlarda amalga
oshirilayotgan ishlar sohani rivojlantirib
kelmogda. Jumladan, Satimov N.Y. [2],

Azamov A.A. [1], lbragimov G.I. [3], [4], [5],
Ibaydullaev T.T. [6], kabi matematik olimlar
sohaning rivojiga ulkan hissa qo’shib
kelishmoqda.

Arximed jismlari birinchi bo’lib Arximed
tomonidan o’rganilgan. Biroq uning bu
sohadagi asarlari bizgacha yo’qolgan. 1619-
yilga kelib nemis matematigi Yoxannes Kepler

ularni gayta tikladi va ularga yunoncha nom
berdi. rombikubo-oktaedr ~ ham Arximed
jismlarining biri hisoblanadi.

Biz ushbu maqola orgali rombikubo-
oktaedrda quvlash masalasini o’rganamiz.
rombikubo-oktaedr shunday fazoviy shaklki, 8
ta muntazam uchburchak va 18 ta kvadratli
yoqdan iborat yo’pyoq. cho'zilgan kvadrat
girobikupolada 24 ta uch bo’lib, ularning har
birida 1ta uchburchak va 3ta kvadrat kesishadi
va 24 ta bir xil girraga ega. Bu fazoviy shakl
Arximed jismlarining bir turi hisoblanadi (1-
rasm). 2-rasmda esa rombikubo-oktaedrning
grafi tasvirlangan. [7] magola aynan Arximed
jismlaridagi differensial o’yinlarga
bag’ishlangan birinchi ishdir. [8] ish aynan shu
shaklda birinchi bo’lib o’ynalgan differensial
o’yin hisoblanadi. Ushbu maqola esa [8]
ishdan farqgli bo’lgan strategiya orqali tuzilgan
differensial o’yinni 0’z ichiga oladi
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1-rasm. Rhombicuboctahedron

2. Masalaning qo’yilishi

Aytaylik tomoni bir birlik bo’lgan

ixtiyoriy
Ay, ..., A4,Bq,...,Bg, Cyq,...,Cq, Dy, ..., Dy

Rombikubo-oktaedrning grafida  (2-rasm)
P = {P;; P,; P;} quvlovchilar guruhi va bitta
E qochuvchi harakatlanayotgan bo’lsin (2-
rasm). Biz ularni umumiy o’yinchilar deb
ataymiz. O’yinchilar doimo bir-birlarining
harakatlarini, holatlarini ko’rib, his qilib
turadi deb olamiz. P;(t),i = 1,2,3 va E(t)
lar  mos ravishda quvlovchilar va
gochuvchining t momentdagi Rombikubo-
oktaedrdagi vaziyati hisoblanadi. Jumladan,
t =0 momentdagi holat o’yinchilarning
boshlang’ich holati deyiladi. Biz quvish
0’yinini o’rganayotganimiz uchun
quvlovchilarga o’yinni o’z foydalariga hal
gilish ~ uchun  strategiyalar ~ quramiz.
Qochuvchi esa ixtiyoriy boshqgaruvni qo’llab
harakatlansin deb olamiz.

Qaralayotgan  differensial
quyidagicha berilgan:

0’yin

Pi(t) = u;,

P(0) =Py, i=1,273

E(@®) =v,
bu yerda

Pl-,E,ul-,v € Rz,
vl <o =1, |wl <p;.
umumiylikka ziyon yetkazmagan holda,
birinchi  va ikkinchi  quvlovchilarning
tezliklarini qochuvchining tezligiga, 1 ga
teng, deb olamiz (p; = 1, p, = 1), uchinchi

E(0) = E,

P;(0) # E(0), va

134

A As

2-rasm. Rhombicuboctahedron grafi
quvlovchining tezligi nomigagina mavjud
bo’lsa, kifoya, ya’ni 0 dan biroz katta bo’lsa,
yetadi (0<p3 <) Py, Pyo, P3o
quvlovchilarning boshlang’ich holatlari va E,
esa qochuvchining boshlang’ich holati. B(r)
orgali radiusi r va markazi R*da bo’lgan
doiralar to’plamini belgilaylik.

Biz qulaylik uchun Rombikubo-oktaedrning
girralarini R bilan belgilaymiz.

1-Ta’rif. Agar ushbu

P;(t) =u;, P;,(0)=Py,i=1,2,3
Koshi masalasining P;(-) yechimi P;(t), t >
0, shartni ganoatlantirsa, u holda u;(-),
u;:[0,00) = B(p;), funksiya P;, i € {1,2,3},
quvlovchilarning joiz boshgaruvi deyiladi.

2-Ta’rif. Agar ushbu
E(t) =v, E(0) = E,,

Koshi masalasining E(-) yechimi
E(t), t = 0, shartni ganoatlantirsa, u holda
v(-), v:[0,0) > B(cg) funksiya E
gochuvchining joiz boshqgaruvi deyiladi.

Biz quvlash differensial o0’yinini
qaraymiz. Bunday differensial o’yinlarda
quvlovchilar biror strategiyalarni qo’llaydi,
gochuvchi esa ixtiyoriy joiz boshgaruvni
qo’llaydi.

Endi quvlovchilarning
strategiyalariga ta’rif beramiz.

3-Ta’rif. Agar

w; = U;(t, Py, Py, P3, E, V), i =
1,2,3
funksiyalar va gochuvchining ixtiyoriy v =
v(t) joiz boshgaruvi uchun berilgan Koshi
masalasi yagona P;(t),P,(t),Ps;(t), E(t),
t=0, yechimga ega bo’lsa,
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(t, Py, Py, Ps, E,v) = Ui(t, Py, Py, Ps, E, V),
i =1,2,3 funksiyalar mos ravishda P;, i =
1,2,3 quvlovchilarning strategiyalari
deyiladi.

4-Ta’rif. Agar E gochuvchi
Rombikubo-oktaedrning ixtiyoriy girrasida
joylashgan  holda ganday strategiya
qo’llamasin, P = {P;; P,; P3} guruhning
shunday strategiyasi va unga binoan shunday
T > 0 soni topilsaki, biror i = 1,2,3 uchun
P;(t) = E(t) tenglik o’rinli bo’lsa, u holda
o’yinni quvlovchilar guruhi yutdi (ba’zan
o’yin tugadi) deyiladi.

Quyidagi teorema ushbu magolaning
asosiy natijasi hisoblanadi.

A

doiralar
teng bo’lgan
quvlovchlarni, qizg’ish rangdagi doira esa

Ko’k
gochuvchining

rangdagi tezligi

tezligiga

tezligi  nomigagina
quvlovchini ifodalaydi.

Dastlab P; quvlovchi o’z o’rnida,
D; uchda goladi. P, quvlovchi 1 tezlikda A,
uch tomon va P; quvlovchi 0 dan biroz
katta  bo’lgan  tezlikda A, tomon
harakatlanadi. Bu holatda quvlovchilar
gochuvchining ganday harakat gilishiga

e’tibor qaratishmaydi va t; = 3 + pi vagtga
3

mavjud  bo’lgan

kelib o’yinchilarning holati quyidagicha:

135
3. Asosiy natija

Teorema. Agar o0 =1 hamda p; =
1, p,=1 va p3 >0 bo’lsa, o’yinni P
quvlovchilar guruhi yutadi, va’'ni
Rombikubo-oktaedrning girralarida
quvlovchilar guruhi gochuvchini tuta oladi.

Isbot. Umumiylikka ziyon
yetkazmagan holda, quvlovchilarni
boshlang’ich holatda D; wuchda turgan

bo’lishsin deb olamiz, ya’ni P;(0) = Dy,i =
1,2,3. Qochuvchi  esa  Rombikubo-
oktaedrning istalgan nuqtasida joylashgan
bo’lsin (3a-rasm).

Py(t1) = Dy, Po(t1) = Ay, P3(ty) = A4
Qochuvchi esa Rombikubo-oktaedrning
ixtiyoriy nugtasida joylashgan (3b-rasm).

t; vagtdan boshlab avvalo uchta

“Umumiy holat” deb ataluvchi holatlarni
ko’rib chigamiz:
1. Birinchi holatda E gochuvchi t; vaqtda D,
nugtada bo’lsin. Ya’ni bu holatda P, (t;)
(birinchi  quvlovchining holati) va E(t;)
(qochuvchining holati, yashil doira bilan
ifodalangan) nuqtalar [; to’g’ri chiziqga
nisbatan simmetrik joylashgan bo’lsin. (4-
rasm).
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A3

4-rasm. Birinchi “Umumiy holat”.

Ushbu “Umumiy” holatda P, va P;
quvlovchilarning vazifasi avvalambor
gochuvchini bir joyda turib qolmasligi, doimo
harakatlantirib turishdan va gochuvchi uchun
harakatlangani sikl qoldirmaslikdan iborat. t;
vagtdan boshlab P; quvlovchi E qgochuvchini
l; to’g’ri chiziqga keltirmaydi, ya’ni P;
quvlovchi gochuvchi bilan I; to’g’ri chizigga
nisbatan simmetrik harakat qgiladi. Shuning
uchun E gochuvchi uchun
D3C,C3B3B,A3BsBg (s sikl mavjud bo’ladi
(5-rasm). Qochuvchi aynan shu sikldan chiga
olmay, fagat shu joyda harakatlanadi. Aynan

LA, A

A‘f: \ A3

shu paytda P, va P; quvlovchilar bir-biriga
simmetrik ravishda harakatlanib mos ravishda
A, va A; uchlarni egallab olishadi. Natijada,
gochuvchining B,A;Bs sikli daraxtga aylanib
goladi va endi u D;C,C3B3B,BsBCsCs siklda
harakatlanishga majbur bo’ladi. P, va Ps
quvlovchilar esa mos ravishda A,B;B, va
A3Bs qirralar bo’ylab harakatini davom ettirib,
gochuvchining C,C3B3B,BsBsCcCs  siklini,

B,C, va BsCs qirralari bo’ylab harakatlanib
esa D;C,Cs sikIni daraxtga aylantirib uni
gamalga olishni boshlaydilar (5-rasm).

5-rasm. Qochuvchining gamalga olinishi.
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Shunday qilib, gochuvchi P;, P,, P; quvlovchilarning biriga albatta tutiladi. Maksimal
holatda gochuvchi t = 7 + pi vaqtdan so’ng P, yoki P; quvlovchilardan biriga tutiladi. Bu bilan

birinchi “Umumiy holat” masalasi yakuniga yetdi.

2. Ikkinchi “Umumiy holat”da quvlovchilar mos ravishda D,, A;, A, uchlarda gochuvchi esa D,
uchda joylashgan bo’lsin (6-rasm). Bu holatda birinchi quvlovchining vaziyati P, (t;)
gochuvchining vaziyati E (t,) bilan [, to’g’ri chiziqga nisbatan simmetrik joylashgan bo’ladi.

A1

A

Az

6-rasm. Ikkinchi “Umumiy holat”.

Ikkinchi “Umumiy holat’da ham birinchi
quvlovchining vazifasi qochuvchini [, to’g’ri
chizigga  keltirmaydi.  Shuning  uchun

gochuvchi uchun harakatlangani fagat bitta
D,C,B,A,A3BsCsD5 sikl qoladi. t; vagtdan
uch

tomon
{?Az A

boshlab P; quvlovchi A,

I
I
|
|
|
I
I
|
I
I
I
|
|
I
I
I
I
I
I
2

harakatlanadi. t, = t; + pi vaqgtdan boshlab P,
3

qguvlovchi A, uch tomonga qarab
harakatlanadi. Natijada gochuvchi
D,C5C,CsD5 sikldagina harakatlana oladi. (7-
rasm).

A3 Aq

1A,

7-rasm. Qochuvchining gamalga olinishi

P, quvlovchi ganchadir vaqtdan keyin Bg
uchga yetib kelgandan so’ng P; quvlovchi B;
uch tomon harakatlanib gochuvchini taqib

etishadi.
, B, ,Csva D3 uchlarga kela olmaydi, chunki

gilishda davom Qochuvchi  C,

P; quvlovchi gochuvchi bilan simmetrik
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harakat gilib qochuvchini shu nuqgtalarda tuta
oladi. Natijada, taqdirga tan bergan qochuvchi

maksimal t=t1+i+3+i=i+6
P3 P3

p3
vagtda quvuvchilarning  biri  tomonidan
tutiladi. Bu bilan ikkinchi “Umumiy holat”

ham yakunlandi.

138

3. So’nggi uchinchi “Umumiy holat” ikkinchi
“Umumiy holat”’ga o’xshashib ketadi. Endi
quvuvchilar D;, A4, A,, bu safar gochuvchi D,
uchda bo’lsin (8-rasm). Bu holatda birinchi
quvlovchining vaziyati P;(t;) qochuvchining
vaziyati E(t;) bilan I3 to’g’ri chiziqga
nisbatan simmetrik joylashgan bo’ladi.

A,

8-rasm. Uchinchi “Umumiy holat”.

Uchinchi “Umumiy holat”da quvlash jarayoni
huddi  ikkinchi  “umumiy holat”dagidek
kechadi. P; quvlovchi gochuvchini I3 to’g’ri
chiziqga keltirmaydi. Qochuvchi uchun bitta
DyD3;C,B,A3A.B,C; sikl mavjud. P, va P
quvlovchilar  D,D;C,B,A3A,B,C,  sikini
daraxtga aylantirishga harakat giladi. Buning
uchun t; vagtdan boshlab P, quvlovchi A5 uch
tomon P; quvlovchi A, uch tomon
harakatlanadi va qochuvchi D,C¢B¢B-C;
sikldagina yura olishi mumkin. ¢t, =¢t; + 1+

= vaqgtdan boshlab P, va P; quvlovchilar mos

pP3

Ay

A3

ravishda Bs va B, uchlar tomonga qarab
harakatlanadi. Quvlovchilar Bs va B, uchlarga
yetib kelgandan so’ng qochuvchi qamalga
tushib goladi. (9-rasm). Birinchi quvlovchi esa
har doimgidek [; to’g’ri chiziqga nisbatan
gochuvchi bilan simmetrik harakatlanadi.
Natijada, gochuvchi maksimal t=¢t; +1+

—+1+—= pi + 5 vaqgtda quvuvchilarning
3

biri tomonidan tutiladi. Bu bilan uchinchi
“Umumiy holat” ham yakunlandi.

9-rasm. Qochuvchining gamalga olinishi.
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Endi qochuvchi D,,D; va D, uchlardan
boshqa wuchlarda bo’lgan xususiy hollarni
o’rganamiz. Bu xususiy hollarning hammasini
ham o’rganish shart emas. Chunki quvuvchilar
shunday joylashib olganki, ba’zi hollar o’zaro
simmetrik ko’rinishda bo’ladi. Qochuvchining
B1B,B3B4BsB¢B;Bg va (1C,C3C,C5CC;Cq
sakkizburchakdan tashqari bo’lgan hollarini

139

bo’lgan holni ko’raylik chunki qochuvchi P,
va P; quvlovchilarning tagibidan qochish
davomida va “Umumiy holat”larga tushmaslik
uchun A, va A; uchlarning biridan albatta
o’tadi va qochuvchi A, uchda bo’lgan hol
gochuvchi Az uchda bo’lgan hol bilan o’zaro
simmetrik bo’lgani uchun biz qochuvchining
A, uchda bo’lgan holatini o’rgansak kifoya

ko’raylik. Masalan, qochuvchi A, uchda (10a-rasm).
A / 2 A 2
B, B / B, B /
(A Cy
B, o 2 3 B, C 2 3
Cs q
cd D c{ D - 1
B Py 5 4 B, L 4
C; [2:
6 5 6 5
a) Ad : Aa b) 44 2 As
10-rasm.

P, va P; quvlovchilar qgochuvchini harakatga
keltirish uchun A, va A; uchlarga tomon
harakatlarni boshlaydi. P; quvlovchi esa D,
uchda qoladi. A, uchda turgan gochuvchi
uchun harakatlangani 3 xil imkoniyat bor: 1)
A; uch tomonga bora olmaydi, chunki bu
tomondan P, quvlovchi kelyabdi; 2) B, uch
tomonga harakatlanib bu uchga yetib
kelgandan so’ng B;,BsyokiC, uchlarga
tomon yursa quvlovchilar guruhi gochuvchini
tutib oladi; 3) B; uchga kelganda B, va Cs
uchlarga tomon harkatlansa tutiladi, B, uchga
borsa P, quvlovchi B; uchga keladi va B,
uchdan C, uchga kelsa tutiladi, B, dan Bs ga
kelsa P, quvlovchi B, uch tomon yuradi va
gochuvchi By va (s uchga kelganda
quvuvchilar tomonidan tutiladi va o’yin
quvuvchilar foydasiga hal bo’ladi (10b-rasm);

Qochuvchi  B;B,B;B,Bs;B;B;Bg Vva
C,C,C5C,CsC,C,Cq sakkizburchaklarda bo’lsa,
u bu sakkizburchaklarda ko’p harakat qila
olmaydi. Boshqacha qilib aytadigan bo’lsak, u
bu sakkizburchaklarda sikl gila olmaydi.
Chunki birinchi quvlovchi bunga yo’l
go’ymaydi. Qochuvchi yuqoridagi hollarga
ko’ra agar B,B,B;B,BsB¢B;Bg va
C,C,C5C,4C5C6C,Cy sakkizburchaklardan
tashqariga chigadigan bo’lsa, tutilishini biladi

va bu sakkizburchaklarda qolishni istaydi.
Masalan, qochuvchi  sakkizburchaklardagi
qaysidir girrada tinch turadigan bo’lsa, P, va
P; quvlovchilar eng gisga masofalar orgali bu
sakkizburchaklarga  yetib  kelishadi  va
gochuvchini  sakkizburchaklarga  Kiritadi.
Qochuvchi sakkizburchaklarga kirish
jarayonida D,,D; va D, uchlarning biridan
o’tishga majbur. Bu esa qochuvchi 3
“Umumiy holat”larning biriga tushib qoladi va
quvlovchilarning biri tomonidan tutiladi.

Shunday qilib, ikki P, va P;
quvlovchilar qgochuvchini domiy harakatda
bo’lishga majbur qilishadi. P; quvlovchi ham
doim D; uchda turavermaydi. Qochuvchining
harakatiga qarab uning yo’nalishini cheklash
uchun payt poylab turadi, ya’ni birinchi
quvlovchining asosiy vazifasi 4,1, va I3
to’g’ri  chiziqga  nisbatan  qochuvchini
simmetrik holatga keltirib olish. Natijada,
gochuvchi gachondir albatta uchta “Umumiy
holat”larga tushib qoladi va o’yin quvuvchilar

guruhi foydasiga hal bo’ladi. Teorema
isbotlandi.
Xulosa

Ushbu maqolada Arximed jismlar
turiga  mansub Rombikubo-oktaedrning
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girralarida uchta quvlovchi va bir gochuvchili

differensial o0’yin o’rganildi. Bunda ikki
quvuvchi  va  gochuvchining  maksimal
tezliklari teng, umumiylikka ziyon

yetkazmagan holda bu tezlikni 1 deb oldik.
Uchinchi quvlovchining tezligini  esa
nomigagina mavjud bo’lsa kifoya deb oldik,
ya’ni Odan biroz katta bo’lsa kifoya.
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O eAVMHCTBEHHOCTHU peLleHUs TpexmMepHon 3agaum PpaHkna gns
ypaBHEHUs1 CMELUaHHOIro TMNa C CUHTYNAPHbLIM Ko3dcpuumneHTOoM

K.T. Kapumos??, A.M. LLokupos!
l®epraHckuit rocyaapCcTBEHHbIA YHUBEPCUTET,

MHcTUTYT MaTemaTukn umeHn B.U. PomaHoBckoro Akagemumn Hayk Pecny6nuku Y36ekuctaH

karimovk80@mail.ru , asrorshokirov87@gmail.com

AHHoTaumsa. B paboTte nccnegopaHa 3agaya ®paHknsa Ang TPEXMEpPHOro ypaBHEHUS CMELLAHHOTIO
TMNa C CUHrynapHbIM KoadduumeHToM. MeTogom cnekTpanbHOro aHanmMsa fokasaHa eAWHCTBEHHOCTb
peLLeHns NOCTaBMEHHON 3a4a4m B KNnacce perynspHbIX peLleHunii.

KnioyeBble cnoBa: 3apgadva

®paHkng,

YPaBHEHME CMELUaHHOTO TUMa, CUHIYMSIPHbIN

KO3(P(PULIMEHT, €OMHCTBEHHOCTb PELUEHMWsl, CMeKTpasnbHbli MeTod, TpéXxmepHas obnacTb, CoBCTBEHHbIe

3HayeHus1, COOCTBEHHbIE (DYHKLMIA.

Annotatsiya. Magolada uch o'lchovli singulyar koeffitsientli aralash tipdagi tenglama uchun Frankl
masalasi tadqgiq gilingan. Spektral analiz usuli yordamida masalaning yagona yechimi borligi regulyar

yechimlar sinfida isbotlangan.
Kalit so‘zlar:

Frankl masalasi, aralash tipdagi tenglama, singular koeffitsient, yechimning

yagonaligi, spektral usul, uch o'lchovli soha, xos giymatlar, xos funksiyalar.

Abstract. In this paper, the Frankl problem for a three-dimensional mixed-type equation with a
singular coefficient is investigated. The uniqueness of the solution to the problem in the class of regular

solutions is proved by the spectral analysis method.

Keywords: Frankl problem, mixed-type equation, singular coefficient, uniqueness of solution,
spectral method, three-dimensional domain, eigenvalues, eigenfunctions.

1. BBenenme. IlepBbie pe3yibTaThl IO
3anaue Dpankig g ypaBHeHUN JlaBpeHTeBa-

Bunamse U,, + (sgn y)uyy =0 u Yamubiruaa
K(Y)Uyy +U,, =0, K(0)=0,K'(y)>0
nony4yeHsl A.B.bunianze [1], [2].
B pa6orax 1O.B./leBunrrans [3], [4], [5]

n3ydyeHa 3amada OpaHkig g ypaBHEHUS
Yareirnsa pu

K(y)eC!(D), K(-y)=-K(y), a ELL.
MouceeB B pabote [6] METOJIOM CIIEKTPATLHOTO

aHaJM3a MOCTPOMJI pelleHue 3agaun DOpaHKI,
U1l ypaBHEHUS

CDpaHK,Hfl C HCJIOKAJIbHBIMU YCJIOBUSAMU IICPBOTO
Y BTOPOTO POJIOB.

ITocne 3tHx paboT BO3pPOC HMHTEpEC K
u3yueHuro 3amaun Opankias. OTMETHM, YTO

THIIa TaKUX 3ama4 OblIa 00BEKTOM
uccnenoanus pabor [13], [14], [14], [15]. B
9TUX  paboTax  pacCMOTPEHBI  HEKOTOpPHIC

0000menuss 3amaun @OpaHkis WIM aHAJIOTH
3a1aur OpaHKIIs UK B CIIELIUATIBHBIX 00JIACTX.

[Tepeunciennbie paboThI, MOCBAIICHHBIE
JTAaHHOM npoOieme, MIPEUMYIIECTBEHHO
3aTparuBaroT JABYMEpHBIE 3a1a4ud. TpexmepHble
3a/la4 paccMmarpuBatorcs B padotax [16], [17],
npu 3ToM 3amada DpaHkis s TPEXMEpHBIX

2 ~
Uy +SgNY - Uy — 1Sgn (X + y)u =0, x = CON§HCHNIA CMEIIAHHOTO THIA C CHHIYIIAPHBIMH

Taxxe cBoumu yuenukamu [7], [8], [9], [10],
[11] u3yunnm BOMPOCHI TOJIHOTHI, Oa3UCHOCTH
CUCTEMBbl COOCTBEHHBIX GYHKIHMI B oOnactu
JUIMOTUYHOCTH  BHUJOM3MEHEHHOM  3aJauu

koadduLreHTaMu 110
MaJIOU3y4ECHHOM.

2. IlocTanoBka 3amauyu. B HacTosmem
pabote ypaBHEHUs

CuX TIOp OCTacTCA
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sign(x + y)[UXX+signy-UW]+UZZ+2—27UZ=O (1)
pacemarpusatotes B obnactn D = x (0,C), rae Q-koneunas oHocBs3HAT 0GIACTD IIOCKOCTH
xOy,  orpamuuennas  gyroi &, u  ompeskamu MM, M P, e
&, :{(x,y):x2 +y?=1 x>0, yzo}, MM™ ={(x,y):x=0,-1<y<1},

M™P={(xy):x—y=10<x<1}.

Beemem  oGosnauenns: Q) =Qm(y>0), Q :Qm{(x,y): y<0,Xx+ y>0},
Q,=0n{y<0x+y<0}, D;=Q;x(0c), j=02, OP=Qn(y=0),
0Q={(x,y):x+y=0,0<x<1/2}, OM ={(x,y):x=0,0<y<1},
OM™=MM"\OM, 0(0,0), M(01), M"(0,~1), npuuem smecr y=consteR,
O<y<l/2.

B o6nactu D ypauenust (1) mpuHaanexur cMelIaHHOMY THIT, a IMEHHO: B obmactu Dy -
SIUIMITAYECKOMY THiy, a B obnactax Dy m D, - rumepbommdeckomy tumy. IIpsMoyronsHuk

OP x (0, C) ABIAIOTCA ILUIOCKOCTAMHM M3MeHeHMs Tuna, a Z=0 nmockoctamu cuHrynspHoctn
koa¢duLreHTa ypaBHeHHUS.
Jlis ypaBuenus (1) B o6mactu €2 uccneayeM CIeayromyro 3a1a4y:
1 .
3agaua fi( ) Haiitu pynxmuo U (X, Y, Z) , YIOBIETBOPSIONLYIO B obnactu D ypaBrenuro

(1) 1 cnexyromuM yCIOBUAM:

U(xy,2)eC(D)nCyiz (D, uD UD,), U, eC(D), )
U(x,y,2)=0, (x,y)ed,, z€(0,c), (3)
U(0,y,z)=0, ye[-11], ze(0,c), )
U, (0,y,z)+qU,(0,-y,z)=0, ye(-10), ze[0,c], (5)
U(xy,0)=f(xy), U(xy.c)="F(xy) (xy)eQ, (6)

a TaKKC YCJIOBUIO CKIICMBAaHUA
yIL”_]oUV(X’y’Z):yll_moUY(X’y’Z)’ xe(0,1), ze(0,c), (7)

rune ql —3aJaHHOE YUCIIO, a fl(X, y) " f2 (X, y)— 3a/1aHHbIC (DYHKITNH.

OueBuaHO, 4TO 3a7aya fi(l) sBisieTcsl 3ajmadei Tuna 3amaun Opanxis [18], [19]. Ecim
th =0, 1o m3 (5) cmenyer, uro U, (0, Y, Z) =0, ye (—1,0), Ze [O,C]. Toraa, npuHMMas BO
BHUMaHHE 3TO U (4), HA OCHOBAaHWHW €IWHCTBEHHOCTH pemieHus 3amaun Komm [20] mns ypaBHeHUs
(1) B ob6macrm D,, wnmeem U (X, y,z) =0, (X, Y, Z) € [_)2, OTKyHa CIEIYeT, YTO
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1
U(X, y’z)|O_Qx[0,c] =0. CnenosarensHo, B 3TOM cjydae 3ajada fi() SDKBUBAJICHTHA 3aJa4e

Tpuxkomu st ypasuerns (1) B obmactu Dy U |:OP X (0, C)] U D;. 3agaya Tpuxomu s
ypaBHCHHS C CHHTYJIIPHBIMU KO3 (DHUIIMECHTaMH HCCIIeA0Banbl B paborax [21], [22].

2. ENMHCTBEHHOCTDH pelleHne 3a1a4u fi(l)

Haxonum HeTpuBHanbHble pemieHus ypaBHeHus (1), yaosieTBopstouue yciaoBusm (2)-(5) u
(7). Pasnenus nepemennsie 1o popmyne U (X, Y, Z) =u (X, y)Z (Z) , U3 ypaBHenus (1) u ycnoBuit
(2)-(5), (7) nonyunum ypaBHEHHE

Z”(z)+277/2’(z)—ﬂz(z):0, 0<z<c, ©)
H clieayromas 3ajgada Ha cOOCTBEHHBIE 3HAYEHMUS:
U +(sgny)uyy, +Asgn(x+y)u=0, (x,y)eQyuy uQ,, 9)
u(x,y)=0, (x,y)eay, (10)
u(0,y)=0, ye[-11], (11)
u, (0,y)+qu,(0,-y)=0, ye(-10). (12)

CHavaia wuccieayem crektpaibHyio 3amady (9)-(12). B pabore [23] HaiigeHo, YTO
COOCTBEHHBIC (QDYHKIIMH CIIeKTpaibHOM 3a1aun (9)-(12) B Buze

ull) (x,y)=

c,ﬂfr)nsin{a)j,n(%— ﬂ wjn[ \/ } (X,y)eQq;

L] g XY w"‘”/z_(_l)j 2| XY ant
2 ™M H x+y lx-y
' X

3neck @y, =4(N - 1)+;+2arccos(qu ~J2<q <2,

T
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4(n-1) +%—£arccos[ij, ecu 1< g <42,

N

V4
Wy n =
' 1 2
4n+ = — Zarccos| , ecau —\/qulgl,
2 J2
J| (X) —pynxmus  beccens mopsaka | mepsoro m BTOporo poma [24], aglzn u 0(512) -

m
COOTBETCTBEHHO M —ble IOIOKUTENbHBIE KOPHH YpaBHEHHI J4,_3 (\/ﬂ,) =0 u Jy,, (\/ ﬂ,) =0,

Cr{ m — [POM3BOJIbHBIC IOCTOSIHHBIC, ﬂ,nj m= Olr{- m’ ﬂnm = ﬂ#?n + ﬂwgz% .

Jnisa cuctemsl (13) cripaBeanuBa cieayolas Teopema.

Teopema [23]. Cucrema COOCTBEHHBIX byHKIUI
R ) " (2) ”
Upm (X, Y) =uym (X, y) Uil (X Y) sanaun (9)-(12) mpu ¢y =-1,
n,m=1 n,m=1 n,m=1
() "
rae {unfm(x,y)} l—(byHKum/I, ompenensieMble paBeHCTBOM (13), monHa B MPOCTPAHCTBE
n,m=
L, (Q)-

ITonaras B ypasHenuu (8) A = ﬂnm , HaliieM ero od1iee penieHue:
A 2—y 1/2—y
Zon(2) =012 |1/2—7/( ﬂnmz)’LCzZ Kl/Z—y( ﬂnmz)’ ze[0c], (14
rae C u Cy —IIPOM3BONIBHBIE TIOCTOSHHBIE.

1
Teneps nOKakeM €IMHCTBEHHOCTb PELIEHUS 3aJauu fi( ) IMycts U (X,y,Z)—pemeHHe

1)

3amaun '/ . PacCMOTpHUM CIIEIyOMIYIO (PYHKIHIO:
oo (2) = ”U (X, Y,Z)Uy (X y)dxdy, nmeN, (15)
Q
R (Y - (2) -
e O =), R0,
Ha ocnoBanuu (15) BBeneM GpyHKIIUN
O (2) = H U(X,Y,2)u, »(x,y)dxdy, nmeN, (16)

Qoé‘
rae &— A0CTaTOYHO MAaJIbI€ MOJOXKUTEIbHEBIC YK A,

O4eBHUIHO, YTO Opme (Z) = Whm (Z)

lim
-0

C nomompto ¢pyHkimu (16) u ypaBHeHus (1), BBIYUCINM BBIpa)KESHHE B;—l 12®hme (Z) :
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BZ 1/2a)nmg _”( 1/2U X Y, Z)) n, m(x’y)dXdy:

QOE
=- ﬂ sgn(x + y)[UXX +sgny -Uw]un,m (x,y)dxdy. (17)
QOg
[IpuMeHss MPaBUIO MHTETPHPOBAHMS IO YACTAM, W mepexonsd K mpexeny npu £ —>0 u

1)

YUYUTBIBAA yCJIOBUA 3ala4n ¥ , [IOJIy4YHMM pPaBCHCTBO

4
2
[om (2)] +Ty[a)ﬂm(z)}’ — Aom@nm (2) =0, 2€(0,¢).
CnenoBatenbHo, QyHKIUA Dy (Z) yaIoBieTBopsieT auddepeHnraabHoMy ypaBHeHHO (8)

mpn A=A,.

Kpome Toro, B cmiry rpanuunbix ycnosuit (6), us (15) ciaemyer, uto GyHKIHS @y (Z)

YAOBJICTBOPACT CIACAYIOIIHUM I'PAHUYHBIM YCIIOBUAM:

@nm (O) = flnmv ®nm (C) = f2nm ’ (18)
rie

fiom = ” fi (X, Y)Upm (X, y)dxdy, nmeN, I=12. (19)

Q
Orcrona crnenyer, 4to GYHKUUS Oy (Z), kotopast umeeT Bun (15), sBisercs perieHueM
ypasrenns (8) nmpu A = A, yroBiaersopsioumm yciuosusm (18). TTosromy, ymoierBopsisi ofiee

pemenne (14) ypasrenns (8) (mpu A = A,,,) ycnoBusim (18), 0xHO3HAYHO HAXOIUM (D, ( y) ;

Onm (Z) = an (Z) f2nm + |:K1/2—7( ﬂan)— an (Z)K1/2—7( ﬂ'nmc):| flnm’ (20)

( ) (5)1/2—7 |1/2_7( ﬂ,an) K (Z)_Zl—vaKV(Z)
¢ |1/2—7( ﬂ“nmc)1 ’ r'(v)
W3 13510:)K€HHOTO BBILLE CIEAYET, UTO Kakaas U3 (QyHKIUI
U (X,¥,2) =@ (Z)Un m (X, y), NmeN, (X,y,2)eQy, (21)

rae Wnm (Z) 1 Uy (X, y)-(byHKuI/H/I, onpenensieMble COOTBeTCTBeHHO paBeHcTBamu (20) u (13)

,v>0.

rie P,

YIOBJICTBOPSIET YCIOBHSIM ITOCTABIICHHOM 3a/1a4H.
Tenepb MokeM J10Ka3aTh CIETYIOUIYIO TEOPEMY.

1)

IlOKafiaTeJI])CTBO. I[HSI 9TOro AOCTAaTOYHO AOKa3aTb, YTO OJHOPOIAHAs 3alayda ¥

Teopema. Eciu cymiecTByeT perieHne 3aauun F * ~ , TO OHO €IMHCTBEHHO.

(1)

TOJBKO TpUBHMANbHBIE pemtenus. [ycts f; ( X, y) =f, (X, y) =0, Torna cornacho pasenctsam (19),

UMECT

HMEEM flnm = f2nm =0 npu Bcex N,M e N . Ha ocnoBauuu storo, u3 (20) u (15) BeITeKaer, 4To
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”U (X, Y, z)un,m (X, y)dxdy =0, n,me N . Orciozna, B cujly MOIHOTHI CUCTEMbI COOCTBEHHBIX

Q

byHKIHIH {un,m (X, Y)}OO = {unl,?n (X’ Y)}

n,m=1

(2) "
u{un,m(x,y)} - B IIPOCTPAHCTBE

L, (QO) u U(X,y,Z)EC(QO),cnenyeT, uto U (X,y,Z)EO B Dy.

[Tonp3ysce 3TUM

PaBEHCTBOM,

JIETKO ybeauTbcs,

U (X,+0, Z) =0, Uy (X,O, Z) =0, Xe [0,1], Ze [O,C] , a Takke ycnosuit (4), (5), umeem

U(x,-0,z)=0, U,(x,-0,2)=0,

CIANHCTBCHHOCTHU peicHud 3aga4u

U(-0,y,z)=0,U,(-0,y,z)=0. B

Komm

CUILY

B obmcrix D um D,

cleyeT

U (X, Y, Z) =0, (X, Y, Z) IS [_)l U 52. Teopema qoKa3aHa.
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YUKLANGAN ISSIQLIK TARQALISH TENGLAMASI UCHUN BIR

CHEGARAVIY MASALA

Muzaffar Azizov?, Qizlarxon Orifjonova?

lFarg‘ona Davlat Universiteti, Murabbiylar ko‘chasi.19, 150100, Farg‘ona O‘zbekiston

Annotatsiya. Ushbu magolada yuklangan issiglik targalish tenglamasi uchun bir chegaraviy
masala o‘rganiladi. Tadgigotda boshlang‘ich va chegaraviy shartlar bilan berilgan masalalar tahlil gilinib,
masala yechimining mavjudligi va yagonaligi isbotlanadi.

Kalit so‘zlar: Furye usuli, Bessel tengsizligi, oddiy differensial tenglama, mojarant gator,

variatsiyalash usuli, to‘la ortonormal sistema.

AHHOTauuA. B gaHHOM cTaTbe paccMaTpuBaeTCsl Of4Ha KpaeBasi 3ajada Ansd HarpyXeHHOro
ypaBHEHUS TennonpoBOoAHOCTU. B nccnegoBaHny aHanuanpyloTcs 3agadv, 3afaHHble HayvalbHbIMU U
rPaHUYHBLIMW YCIOBUSIMA, U [OKa3bIBAOTCS CYLLECTBOBAHWE N €4MHCTBEHHOCTb pPELLEHMS 3a4auN.

KnioueBble cnoBa: Psg ®Pypbe, HepaBeHcTBO beccensi, oObikHOBEHHOE AMddepeHLManbHoe
ypaBHEHWNE, MaXXOPaHTHbIN pPsia, BApMaLNOHHbIA MeToZ, NoNHasi OPTOHOPMMPOBaHHAs cUCTEMA.

Abstract. This paper studies a boundary value problem for the loaded heat conduction equation.
Initial and boundary conditions are analyzed, and the existence and uniqueness of the solution are proved.

Keywords: Fourier series, Bessel inequality, ordinary differential equation, majorant series,

variational method, complete orthonormal system.
I.Kirish

Parabolik tipdagi xususiy hosilali
differensial tenglamalar ichida eng ko‘p
o‘rganilgan va amaliyotda keng qo‘llaniladigan
tenglama bu issiglik targalish tenglamasidir. Bu
tenglama ko‘plab fizik jarayonlarni, jumladan,
issiglik tagalishini, diffuziya jarayonlarini,
molekulyar harakatlarni matematik
modellashtirishda asosiy vosita bo‘lib xizmat
giladi. Issiglik tenglamasi ko‘rinishi jihatidan
quyidagicha ifodalanadi:

u, —a’u,, =0,
bu yerda u(x,t) - fazoning berilgan nugtasida
va vaqt momentida haroratni ifodalovchi
noma’lum  funksiya, a* esa issiglik
o‘tkazuvchanlik koeffitsientidir.

Mazkur tenglama dastlab J. Furye
tomonidan XIX asrda o‘rganilgan bo‘lib, u bu
tenglama  uchun  qo‘yilgan  masalani
yechishning asosiy yondashuvini gatorlar
yordamida hal qilish usulini taklif gilgan.
Keyinchalik  bu  masala  Sturm-Luivill
nazariyasi, Grin funksiyasi va boshga analitik
metodlar yordamida yanada rivojlantirildi.

Issiglik tenglamasining Klassik
ko‘rinishlari, odatda, quyidagicha boshlang‘ich
va Dirixle tipidagi chegaraviy shartlar bilan
qo‘llaniladi:

u(x,0) = p(x), 0<x<lI,
{U(O,t) =0, u(l,t)=0, O0<t<T.
bunday shartlar ostida tenglama korrekt
go‘yilgan bo‘lib, ya’ni mavjudlik, yagonalik va
yechimning berilganlarga uzluksiz bog‘ligligi

kabi xossalarga ega bo‘ladi.

Ushbu ishda klassik issiglik targalish
tenglamasining noan’anaviy o‘zgartirilgan
shakli ko‘rib chiqiladi:

Lu=u, —a’u, =u,(xt,), 1)
bu yerda t,<(0,T] berilgan vagt momenti.

Tenglamaning o‘ng tomonidagi ifoda bu
masalani an’anaviy boshlang‘ich-chegaraviy
masaladan farq qiladi. Ya’ni, bu holatda
tenglamaning o‘zi vaqtga bog‘liq ma’lum bir
nugtadagi hosila orgali aniglanadi. Bu esa
masalaning  turg‘unlik  (barqarorlik)  va
korrektlik jihatidan tahlilini
murakkablashtiradi.

Shu bois, bunday turdagi masalalar
ilmiy adabiyotda “yuklangan tenglamalar”,

“yuklangan  manbali  tenglamalar”  yoki
“moslashtirilgan issiqlik tenglamalari” sifatida
ham qaraladi. Ular, odatda, fizik yoki

muhandislik modellarida berilgan vaqtda sodir
bo‘ladigan impuls yoki energiya ta’sirini
modellashtirilayotgan ~ hollarda  uchraydi.
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Xususan, oxirgi yillarda u,—a’u, = f(xt)
ko‘rinishidagi  tenglamalarning  yuklangan
Biz ko‘rib
chigayotgan masalada o‘ng tomon Uu,(X,t,)

xollariga qiziqish ortmoqda.

tarzida aniqlangan bo‘lib, bu uni klassik issiqlik
tenglamasidan tubdan farglantiradi.

Yuklangan tenglamalarning chuqur
o‘rganilgan ko‘rinishlaridan biri Nakhushev
A.M., Kreferov A.G. tomonidan taqdim etilgan
bo‘lib [1], ular parabolik tipdagi tenglamalarda
manbalarni yechimning vaqtga bog‘liq hosilasi
sifatida aniglashgan. Bu yondashuv, aynigsa,
vaqt bo‘yicha lokal ta’sirli yuklanishlarni
modellashtirish uchun samarali hisoblanadi.

Keyinchalik, Borisov A.V., Kreferov
A.G.lar [2] bu masalalarni Sobolev fazolarida
tahlil gilib, ularning yechimlar mavjudligi va
yagonaligi shartlarini isbotlashgan. Bu ishlar
bizning  masalamizdagi u, (X,t,) kabi
yuklangan atamalarni umumlashtirish uchun
nazariy asos bo‘lib xizmat qiladi.

Kasr tartibli yuklangan parabolik
tipdagi tenglamalar bo‘yicha Agarwal, R.P.,
Baltaeva, Z.A., Xasanov, A.K. [3] ishida tadqiq
etganlar. Ular bu masalani integral tenglamaga
keltirish orgali mavjudlik va yagonalikni
isbotlashgan.

Ceretani, A., Tarzia, D.A., Villa, R. [4]
tomonidan taklif etilgan ishlarda issiglik ogimi
chiziqli bo‘lmagan funksiyaga bog‘liq holda
aniqlangan bo‘lib, bu wularni noan’anaviy
manbali tenglamalarga olib kelgan. Ularning
ishlari  bizning masalamizga metodologik
yaqin, chunki ular ham vaqt bo‘yicha bog‘liq
manbani integral ko‘rinishda tahlil gilganlar.

Ushbu adabiy  manbalar  shuni
ko‘rsatadiki, parabolik  tenglamalarning
yuklangan xollari amaliy modellashtirishda,
teskari masalalarda va signallarni gayta
tiklashda muhim ahamiyat kasb etadi. Bizning
masalamizda esa yuklangan ifoda vaqgtning t,

momentidagi hosilaga tenglashtirilgani uchun
bu nafaqgat klassik masaladan, balki aksariyat
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yuklangan tenglamalardan ham farq giladi. Shu
sababli, ushbu ishda masalaga yangi
yondashuvlar, aynigsa, Furye usuli va integral
metodlar asosida yechimlar izlanadi.

11.Asosiy gism
Ushbu ishda yuklangan issiglik
targalish  tenglamasi  uchun  chegaraviy

masalani bayon qilamiz va o‘rganamiz.
Ushbu Q={(xt):0<x<l,0<t<T}

to‘g‘ri to‘rtburchakda (1) tenglamani garaylik,
bu yerda | va T berilgan musbat haqiqiy

sonlar, u=u(xt) - noma’lum funksiya,
t, € (O,T].

Masalaning qo‘yilishi.

Masala. Q  sohada  shunday

u(xt)eCR(Q)NCH(Q)
aniglansinki, u (1) tenglamani va ushbu
u(x,0)=p(x), 0<x<Il; (2
boshlang ‘ich shartni hamda
u(0,t)=0, u(l,t)=0, 0<t<T (3

chegaraviy shartlarni ganoatlantirsin, bu yerda

funksiya

(o(x) - berilgan ma’lum funksiya.
Masalalar yechimining yagonaligi.
1-teorema. Qo Yyilgan

vechimi mavjud bo ‘Isa, u yagonadir.

Isbot. Teskarisidan faraz qilamiz.
Qo‘yilgan u(xt) va u,(xt)
yechimlarga ega bo‘lsin. U holda, ularning
fargini

masalaning

masala

u (xt)—u,(x,t)=v(xt). (4)
deb olsak, v(x,t) funksiya
Lv=v,—a’v, =V, (xt)  (5)

tenglamani hamda (2), (3) shartlarga mos bir
jinsli shartlarni ganoatlantiradi.
Ma’lumki,

Xn(x):\/TEsin/lnx, n=12,.. (6)

sistema L,(0,1) fazoda to‘la ortonormal

sistemani tashkil giladi.
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Quyidagi funksiyani garaymiz:

_[v (x.t)

(7) funksiyaga mos ravishda

I-¢

dnyg(t):J- v(x,t) X, (x)dx, 0<e<l,

&

x)dx, n=1,2,... .(7)

(el-e)=, n=12,.. (8
funksiyani tuzib olamiz. Anigki,
lim d,., (t)=d, (t), te[0T].

(8) tenglikni t bo‘yicha bir marta
differensiallab, quyidagi tenglikni  hosil
gilamiz:

l-¢

d;’g(t)z'[ (1) X, (x)dx, n=1,2,..

(5) tenglamadan foydalanib oxirgi tenglikni
quyidagicha yozish mumkin:

d (t)=a 'f v (1) X, (x)dx+

+I
(9) tenglikning o‘ng tarafidagi birinchi
integralni ikki marta bo‘laklab integrallab,

x)dx, n=1,2,.... (9)

so‘ngra undan &£—0 da limitga o‘tsak,
quyidagi ifodaga ega bo‘lamiz:
Iim d, . (t)=

=a’lim| X (-

&0

—A,a° LlLrg[Xr;(l
I-¢
2-20;
—-A;a LIL’I&J. v(xt

+I

Bu ifodada (3) bir jinsli chegaraviy shartlarni va

X, (x)dx+

dxn12

Xn(x) funksiyalarning xossalarini e’tiborga
olib, quyidagi tenglikni olamiz:

d; (t)= —ﬂzazjv (x,t) X, (x)dx+

eV, (1-&,t)- X, (¢)v, (5,t)]—
—e)v(l—&1)+ X, (8)V(8,t)]+
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+_[v (x,t) X, (x)dx, n=1,2,..
Oxirgi tenglikda (7) belgilashni hisobga olib,
quyidagi oddiy differensial tenglamalarga ega
bo‘lamiz:

d; (t)+A:a’d, (t)=d;(t,), n=12,.. .(10)

(10) tenglamaning umumiy yechimi
quyidagi ko‘rinishga ega:
_a?? l _a?p2 ,
d,(t)=C,e ™" + e (1—e i"t)dn(to),

n

n=12,...,
bu yerda C, - ixtiyoriy o‘zgarmas sonlar.
Endi C, va d;(t,) koeffitsiyentlarni

aniglaymiz. Buning uchun (11) umumiy
yechimni (2) boshlang‘ich shartga mos bir jinsli
shartlardan, (7) tenglikka asosan kelib

chiquvchi, d, (0)=0 shartga bo‘ysundiramiz.
Bundan C, =0, n=12,.. kelib

chigadi. Natijada (11) umumiy yechim
quyidagi ko‘rinishni oladi:

(11)

ekanligi

1 —a?2? '
d,(t)=—> (1-e“)di (&), n=12,....
(12)
Endi (12) tenglikdan quyidagi tenglikni
aniglaymiz:

d; (t,)(1-e***) =0, n=12,..
hosil bo‘lgan ifodada 1—e*a”n2t° £0, chunki

a>0,t,>0, 4, = , ne N . U holda,

d (t,)=0,n=12,...
tengliklar o‘rinli ekanligi kelib chiqadi.
Yugoridagilarga asosan, (11) umumiy
yechim formulasidan d,(t)=0, ..
kelib chigadi. U holda, (7) tenglik quyidagi
ko‘rinishni oladi:

ekanligi

J'v (x,t) X, (x)dx=0, n=12,....
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Demak, v(x,t) funksiya (6) to‘la ortonormal
sistemadagi barcha funksiyalar bilan ortogonal
ekan. Bu esa Q sohaning deyarli barcha
nugtalarida v(x,t)=0 ekanligini bildiradi.

u(x,t)eC? (Q)NCEH (Q) ekanligidan

v(x,t) funksiya Q sohaning barcha

nugtalarida v(x,t)=0 ekanligi kelib chigadi.
Buni e’tiborga olsak, (4) tenglikdan
u, (x,t)=u,(x,t) tenglik kelib chigadi. Bu esa

go‘yilgan masala yechimga ega bo‘lsa, u

yagona  bo‘lishini  bildiradi.  1-teorema
isbotlandi.
Masala yechimining mavjudligi.
2-teorema: Agar

o(x)eC?[0,1]nC?*(0,1), o™ (x)eL,(01),

9(0)=¢(1)=0, ¢"(0)=¢"(1)=0,
bajarilsa, qo ‘yilgan
mavjud.

Isbot. Bu masalani o‘zgaruvchilarni
ajratish (yoki Furye) usuli yordamida tadqiq
etamiz.

(1) tenglama yechimini

u(x,t)=X(x)T(t)

shartlar

masalaning  yechimi

(13)
ko‘rinishda izlaymiz, bu yerda X (X) va T (t)
(13) ifodani (1)
tenglamaga qo‘yib, X (x) va T (t) noma’lum

noma’lum funksiyalar.

funksiyalarga nisbatan

T"(t)+a’AT (t)=0,

X"(x)+AX (x)=0 (14)
tenglamalar hosil gilamiz. Bunda A =const.
(13) ifodadan va (3) chegaraviy shartlardan

X (0)=0, X(1)=0
chegaraviy shartlar kelib chigadi.
(14)-(15) masala xos son va XxoS

funksiyalarni topish hagidagi Shturm-Liuvill
masalasidir. (14)-(15) masalaning xos sonlari

(15)

182

A :(”I—”jz (n=12,..)

bu Xxos sonlarga mos trivial bo‘lmagan (aynan
nolga teng bo‘lmagan) normallangan Xos
funksiyalari

X, (x)= gsin”—nx, neN
I I

bo‘ladi. Ma’lumki, (16) sistema LZ(O,I)

fazoda to‘la ortonormal sistemani tashkil etadi.
Endi (1) tenglamaning yechimi

(16)

u(xt)=>"T,(t) Igsin”T”X, (17)
n=1
ko‘rinishda qidiramiz, (17) ifodani (1)

tenglamaga qo‘yib va tenglikni ikkala tomonini
\/Iésin 7rI_nX ga ko‘paytirib, [0,l]oralig‘ida

integrallab

2

Tn’(t)+(@} TO=Tt) (08
birinchi tartibli yuklangan oddiy differensial
tenglama hosil gilamiz. (18) tenglamaning
umumiy yechimini o‘zgarmasni variatsiyalash
usuli yordamida

t
T (t)=ae "+ '[ T/(t,)e ™ “dr  (19)
0

ko‘rinishda topiladi. (19) tenglikning har ikki
tomonidan hosila olib, t =t, giymatni hisoblab

—a22%,

a’A’a e
e—azﬂzto -1

Tn, (to) = (20)

tenglik hosil gilinadi.
(20) tenglikni (19) tenglikka qo‘yib
integrallash va soddalashtirish natijasida

2,2 2,2\ @ e—azﬂﬁto
Tt)=ae*" +(1—e‘a n ) "

(21)

1—g
hosil bo‘ladi, (21) ni (20) ga qo‘yib
u(x,t) =

i 2,2 2,20\ a eiaz}ﬁto 2 zn
D lae® i“t+(1—e’a ﬂ“t)”—“ Zsin=—x
1—e @At 1\ I

n=1

, (22)
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go‘yilgan masalaning yechimi hosil gilamiz, bu
yerda a, Furye koeffisienti, (2) boshlang‘ich
shartdan:

u(x,0) = Za \/7$|nTnx o(X)

kelib chigadi.

- \Elj o(x)sin ”T” xdx. (23)

Shunday qilib (1) qo‘yilgan masalaning
yechimi (22) ko‘rinishida aniqlanadi, bu yerda
a, (23) tenglik yordamida aniglanadi.

(22) gatordan t bo‘yicha bir marta, X
bo‘yicha ikki marta hosila olishdan hosil
bo‘lgan gatorlar Q da tekis yaginlashsa, u
holda (22) qatorning yig‘indisi qo‘yilgan
masalaning yechimi bo‘ladi.

Lemma. Vte[0,T] va
bo‘lganda quyidagi baholar o‘rinli bo‘ladi:

T,.®[<C\|a,|, <C,A |a,|,

T (t)| < 22[ [a,|Cs | (24)

bu yerda C;,

n=12,..

j=13 - musbat o‘zgarmas
sonlar.
Isbot. (21) tenglik bilan aniglanadigan

T, (t) funksiyani baholaymiz. Bunda

-a%i%,
+ (1— g A )—ane <
1-g At

292
ane_a }‘nto

a2t
ae

T, ()] <

242
ae @M+

n

242,
=la.e "+

_n- n
2,2 2,2 -
1-e ®hb g* b —1|

a

Al —t |-

z a2t
e ; -1

<la,|+——3
e i) -1

la,| f—zto <Cla|,

Endi (21)

ko‘rsatamiz:

T'(t) ni  hisoblab baholashni

n

183

T/(t) < <A2C,|a,|.

g @ 243t
a’A’ LA | a e A
1—e b
T.(t) ning ko‘rinishidan T,(t,) ning bahosini
osonlikcha keltirib chigarish mumkin. Lemma
isbotlandi.

Isbotlangan lemma yordamida dastlab

quyidagi gatorning:

5—”:-2/12T ()+ ST (t) X, ()
n=1
(25)
tekis  yaqinlashishini  ko‘rsatamiz. Avval
quyidagi
ZZZT (26)

gatorni tekshlramlz. Buning uchun (26) gatorga
mos mojarant gator tuzamiz.
Lemmadagi (24)

tenglikni e’tiborga olib va o‘zgarmaslarni

qoldirib yozsak, quyidagi qator hosil bo‘ladi:
2 [a|
n=1

yaginlashuvchanligini
marta
isbotlash kerak. Buning uchun (23) ni uch

bo‘laklab integrallab, teoremadagi ¢ (x)
funksiyaga qo‘yilgan shartlarni inobatga olsak

2 1® 3 ) zn
= —_—— — d
. /I (ﬂn)3£¢ (x)cos I xdx

tenglik hosil bo‘ladi. Hosil bo‘lgan tenglikni

(27)

ushbu gatorning

3,0
a = (lj & 28)
) n
ko‘rinishda yozib olamiz, bu yerda
2%
:Ji[gpf ) (x)cos A, xdx.
(28) ni (27) qatorga qo‘yib,

o‘zgarmaslarni tashlab yuborib
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gatorni  hosil gatorning

yaginlashuvchanligi:

gilamiz.  Bu
a?

el

Elementar tengsizlikka asosan kelib chiquvchi

S(a): T (29)
n=0 n:lrI
gatorlar yaginlashishidan kelib chigadi.
(29) ifodadagi birinchi gatorning

yaqinlashuvchiligi bo‘lakli uzluksiz bo‘lgan
¢ (x)funksiya uchun Bessel tengsizligidan
kelib Ikkinchisi

chigadi. umumlashgan

garmonik zia qator bo‘lib,  >1 bo‘lgani
n=1 n

uchun yaqinlashuvchi bo‘ladi [5]. Demak, (26)
gator yaginlashadi. Endi

IABERE

gatorni tekis yaginlashuvchilikka tekshiramiz.

(30)

(30) gatorning yaginlashishini ham
yugoridagidek tekshirish mumkin. Buning
uchun unga mos

2 [T ()

n=1
mojarant qator tuziladi. Lemmadagi (24)

tenglikni e’tiborga olib va o°‘zgarmalarni

qoldirib, quyidagi qator hosil bo‘ladi:

2/ ]
n=1

Bu gatorning yaginlashuvchanligi  (27)
tenglikni 3 marta bo‘laklab, hosil bo‘lgan
tenglikni soddalashtirib, o‘zgarmaslarni tashlab
yuborib:

184

gatorni hosil gilamiz. Bu qatorning ham
yaginlashishini ~ (29) qatorlar  yordamida
isbotlash mumkin. (26) va (30) gatorlarning
tekis yaginlashuvchanligidan (25) gatorni ham
tekis yaginlashuvchanligi kelib chigadi. Demak
(25) gator ham tekis yaginlashadi. Teorema
isbotlandi.
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